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PROCEEDINGS 


NATIONAL ACADEMY OF SCIENCES 


Volume 39 March 15, 1953 Number 3 


WHITE DWARFS IN THE SOUTHERN HEMISPHERE: 
THIRD LIST , 
By WILLEM J. LUYTEN 
UNIVERSITY OF MINNESOTA 
Communicated by Harlow Shapley, December 17, 1952 


Following the color survey of proper motion stars in the Southern Hemn- 


sphere reported on previously,' results have now become available for the 


zone with declination limits —50° and —55°. In the original survey for 
the detection of proper motions, 72 pairs of plates taken with the Harvard 
24-inch Bruce teiescope were used, These plates were blinked by the 
writer and some SOOO stars were found to possess appreciable motion. The 
motions have all been published in part C of the General Catalogue of Proper 
Motions. Additional plates with a yellow-sensitive emulsion were taken 
for all 72 regions with the same telescope, and these have now been compared 
with the original blue plates. © Approximate colors for nearly all of the SO00 
proper motion stars have been determined. 

The vast majority of these stars are ordinary red dwarts, of course, but 
some 400 were singled out as definitely bluer than expected. Narrowing 
down the limits still further, 63 stars have been selected from among these 
100 as holding out the greatest probability of being genuine white dwarfs. 
Data for these stars are given in table 1, the several columns of which re- 
quire no further explanation. 

As before, the 63 probable white dwarfs have been arranged in four 
groups, as follows: 

(a) The first group contains the 9 stars some of which had not been 
published before which had previousiy been identified as white dwarfs 
from color plates taken at the Cordoba Observatory. All of these were 
recoginzed again in the present survey. The last star in this group is the 
faint, preceding companion to Co.D. —51°13128, mag. 12.1 pg., spectrum 
MO. If this latter star is a normal main-sequence MO dwarf, the absolute 
magnitude of the companion would be around +12.5 and the star may be 
either an intermediate or a white dwarf. 
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TABLE 1 (Continued 


A. 1950 pec. m 
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“In Ap. J., 96, 58 (1942), the color of this star was given as +1.0, determined from 
plates taken at Cordoba. This, however, is an error; the reddish color belongs to 
BPM 16273. 


(b) The second group comprises the 22 stars for which the probability 
that they are white dwarfs is very high. 

(c) The third group contains 27 stars, some of which will almost cer- 
tainly prove not to be white dwarfs. But while this will remove several 
stars from the list, others from among the 400 are expected to take their 
place, and, statistically speaking, the stars in this group should be added to 


the number in group (0). 


(d) ‘The fourth group contains those 5 stars which were invisible on the 
yellow plates. Past experience has shown that the chance of their being 
really white is very high but not much more can be said at the present time. 


If all the stars announced in the present list and in the two lists previously 
published are counted as probable white dwarfs, then the total number of 
such stars now known has reached 267. 


Acknowledgment. It ts a pleasure to acknowledge the financial support 
received from the Rumford Fund of the American Academy or Arts and 
Sciences which made possible the taking of the yellow plates. The author 
is further indebted to the Harvard College Observatory, and especially to 
Dr. Harlow Shapley for his willingness to have these plates taken and for 
his continued interest in and support of this program of research. 


! These PROCEEDINGS, 37, 637 640 (1951) and 38, 494 496 (1952) 
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A KINETIC TREATMENT OF SATURATION AND CONDENSA- 
TION STATISTICS 
By HENRY EYRING AND MERRILL WALLENSTEIN 
UNIVERSITY OF UTAH, SALT LAKE CITY 
Communicated December 26, 1952 


Many of the processes in chemistry and physics either involve or can 
be considered to involve the escape of an atom, molecule, or elementary 
particle from one set of states to another. As real examples, we may 
mention the escape of a molecule or atom from the gas phase to a liquid 
phase, or from a gas or liquid phase to the surface of an adsorbent. On 
the other hand, one can view the problem of distribution of electrons 
among a set of degenerate quantum states as essentially a rate process in 
which electrons escape from some volume of otherwise free space into 
these degenerate states. Among such processes it is possible to identify 
certain classes which have properties in common. In the case of gases 
adsorbing on a solid, two distinct classes are defined by the chemical 
adsorption of a monolayer and the physical adsorption of a multiplicity 
of layers. In the first case, a molecule attaches itself to a surface site 
and “‘saturates’’ it in the sense that no other molecule may simultaneously 
attach itself to the same site; while in the second case, the individual 
adsorption sites can accommodate an unlimited number of molecules 
which are, in effect, piled one atop the other on the same surface site. This 
situation is paralleled in statistical mechanics by systems obeying Fermi- 
Dirac statistics on the one hand and by systems conforming to the require- 
ments of Bose-Einstein statistics on the other. In the case of Fermi-Dirac 
statistics, the adsorption sites become the members of a set of degenerate 
states and the adsorbing units may now be any elementary particle of 
odd parity. Here, considering electrons as an example, the act of putting 
an electron in one of the set of states cancels any further interaction of 
that state with other electrons while the first electron is still in occupation 
(Pauli principle). We may say that this “‘site’’ is saturated in precisely 
the same sense in which the molecule saturated a surface site in chemical 
adsorption. Bose-Einstein statistics, which applies to particles of even 
parity, makes no restriction on the number of particles which can be placed 
in a given quantum state and thus corresponds closely to the phenomenon 
of multilayer adsorption. Just how closely these apparently unrelated 


phenomena are connected can be brought out quite clearly by a rather 
simple mathematical formulation, the form of which is due originally to 
van't Hoff and which was used by Langmuir to derive his well-known 


adsorption isotherm. 
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(GENERAL THEORY 


For generality we shall refer to a number, n, of units which may, in 
various particular cases, be atoms, molecules or elementary particles and a 
number of sites which may be adsorption sites on a surface, or a set of 
quantum states, also depending on the phenomenon under consideration. 
Let the number of these sites be w, and the energy of interaction between 
any one of these sites and a unit be ¢,. This quantity in the ideal case 
will be constant for all sites being considered, but in other cases, it. may 
vary from one site to another. This will not affect the general theory 
but, in application, will necessitate a knowledge of ¢; as a function of 
coverage. We shall consider the instant when #, units are adsorbed on 
the w, sites leaving n, free units in some volume |’. This volume will, 
for the present, be considered large enough so that the free units possess 
the properties of an ideal gas. At any instant the n, adsorbed units are 
leaving the sites at a velocity n,k,’ where k,’ is the specific rate constant for 
the dissociation of a site and an adsorbed unit. The reverse process in 
which free units go over to the bound state requires some consideration. 
If the process is one of saturation, then clearly, the instantaneous number 
of unsaturated sites is (w,; — m,) and the rate at which units disappear 
from the free state is k,’n,(w; — n,), where again k,’ is the specific rate 
constant. At equilibrium the two rates are equal; hence 


k,'n; = (wa, — n,)n,k,’. (1) 


This is the general equation for any phenomenon involving saturation, 
For the case where a site can accommodate an unlimited number of 
units, the expression corresponding to (1) may be derived by appealing to 
the principle of detailed balance.' Whereas, in deriving equation (1), 
the situation could be pictured as in figure | in which a unit, O, completely 
saturates a site, X, the case here is as indicated in figure 2. As before, 
any one of the m; units is a candidate for removal to the free state. If at 
any time a unit such as @ in figure 2, leaves its bound position, then 


x 


ys 
4 
e 
* 
) 
x 


x ‘ C x x 

FIGURE | FIGURE 2 

according to the principle of detailed balance there must be a reverse 
process which replaces this unit. Thus, im effect, the crosses in figure 2 
indicate possible sites for accommodation of a gas molecule so that, at 
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any instant, the number of effective sites for the accommodation of a free 
unit is (w, + m,) and at equilibrium 


kin, = (a; + n,)n,k,’. (2) 


Equation (2) can be considered as the general equation for any process 
in which a given site can accommodate an unlimited number of units. 
It will be referred to as the general equation of condensation statistics. 

In either the case of saturation or condensation statistics it may be 
that for a given situation n, < w, at equilibrium, so that both (1) and (2) 
reduce to 


k,'n, = wn,k,’. (3) 


Such a relation obviously corresponds to the reduction of quantum statis- 
tics to classical statistics. This form is also obtained if we consider the 


c 


OO 


x x 


FIGURE % 


case illustrated by figure 3 in which a unit interacting with a site neither 
uses up the site nor creates a new one as in the previous cases. 

Let us next consider the case where a site is saturated by d units. Then 
in place of equation (2), we have 


kin, = (w; + n,)n,k,’ — p(d + l)win,k,’, (4) 


where p is the probability that any one of the w,; sites has become saturated 
and thus deletes (d + 1) condensation sites from the set (w; + ;). In the 
special case in which d is infinite, p reduces to zero whence equation (4) 
reduces to (2). When d is unity then p = n,/w; and equation (4) reduces 
to equation (1), as it must. Thus, equation (4) is the general result 
for all types of condensation but the values of p are not of such simple 
form for other values of d. Equation (4), with a suitable expression 
for p, is appropriate, for example, for treating condensation in,a capillary 
d units in width. Gentile® has treated certain aspects of this problem. 


APPLICATIONS 
Let us now consider equations (1) and (2) together in the form 
k,'n, = (w; + n,)n,k,’. (5) 


According to absolute reaction rate theory, the specific rate of any unit 
process can be written 
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— ViVi + Jf Fre — 
h (6a) 
F 

Here F is the partition function for molecules of the reacting species 
entering into the activated complex and F * that for the activated complex. 
«* is the energy of activation at absolute zero. The first term in the 
numerator of (6) takes care of the possibility of leakage through the 
potential barrier between reactants and products. In this term, e; is the 
energy of the system in the ith state (e; < €*), v; is the frequency of vibra- 
tion in the ith state and y, is the chance per vibration of passing from the 
initial to the activated state. «’ is the transmission coefficient for com- 
plexes with energies as large or larger than e '. Under most circumstances, 
we simply write 


(6b) 


which defines x, the complete transmission coefficient. For many systems 
of interest x can be taken as unity. Substituting (6) in (5) and cancelling 
similar terms on either side yields 


(w, = N,)N, : es 
aes e oo a . (4) 
FE, 


The subscripts g and s refer to the free units and sites, respectively, and 
gs refers to the combined unit and site in the complex or the products. 
Writing €) = €3. i), — €¢.», Which is just the energy of the process repre- 
sented by (5) at absolute zero, and solving for n, vields 


nN; = 
F,F, € kT 


e 


Under the assumption that the free units have the properties of an ideal 
gas, the partition function per molecule is 


. (2amkT)’?__ . 
F, V 7°? (9) 
h* ‘ 


where j‘”’ represents the internal degree of freedom of the free units. The 
free energy of the n, free units in the volume | is then 


’ f ‘. ‘Qanmery'* ¥ . 
F = n,kT |n ; Dl 


1 nN, 


g 


ae 
= —n,kT In 
n 
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The chemical potential, w, per molecule then satisfies the equation 


F F 
v g 
= -— and on 


mM 
kT nN, nN, 


This result in (S) gives 


From this equation, we may begin to consider special cases. For 
electrons, it is clear that /, and F,, are both unity so that 


(14) 


This is just the equation of Fermi-Dirac statistics. Similarly, for any 
. . . « * ‘< . - F 
particles of even parity, we have, for the same reasons, the equation for 


Bose-Einstein statistics: 
(15) 


Frenkel® has used a kinetic approach to derive Bose-Einstein and Fermi- 
Dirac statistics. 

Statistical Thermodynamics. From thermodynamics, we have for the 
average energy, /¢, of a system, the expression 


e- -r[2.(4)]. aw 
ol \T/ Jy 


Here, A is the maximum work function or Helmholtz free energy. We 
can also write 


yen, 


k= ; (17) 


yin 


oO A ster 
ro () a Se (18) 
OT \T/ Jy > is 


Now it is well known that if A is known as a function of 7 and IJ, all 
thermodynamic properties can be calculated. This general rgsult takes 
a simple form for systems obeying classical statistics. Substituting 


Thus, 


equation (13) im (1S) and remembering that in the classical case unity 


° ° ° ‘s € )/kI 2 
may be neglected in comparison with ~~ eS“ we obtain 


gs 
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r| s (5) _ Liewe 
aTXT/ iy Swe 


(19) 
Whence 
A = — kT In DV we eT he et. 20) 
Now if the entropy is to be zero at the absolute zero in accordance with the 
third law, we must have w; = | andc = 0. Thus, for classical statistics, 
we obtain the familiar result 


A = kT In Dwwe 


wineel (21) 


The Langmuir Adsorption Isotherm and Multilayer Condensation. In 
equation (S) we write m,/w; = o as the fraction of the surface covered and 
also write 


| EF, 
etke 


Fn, pV 
Fol er) 


so that equation (S) becomes 


e 


whence 


(24) 


the plus sign in (23) and the minus sign in (24) correspond to Langnfuir’s 
monolayer adsorption isotherm for a uniform surface. 
The choice of the — sign in (23) gives 


P (25) 
k — Pp 


and corresponds to multilayer adsorption with equal binding energy be- 
tween layers. This is approximately fulfilled for layers condensing on a 
liquid surface. It is interesting that (25) predicts condensation in a closed 
system under certain circumstances. For example, if p starts out larger 
than A, the system is supersaturated. Equilibrium can be established 
only after a sufficient number of layers, as measured by o in suitable units, 
have condensed so that the pressure p is reduced to the point where equa 


tion (25) 1s satisfied. 
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That one should not be surprised at this result can be seen from the 
following discussion. Consider equation (13) with the negative sign, viz.: 


(13a) 


When F,,/F, = 1, this equation yields the Bose-Einstein result. It is 
well known that a perfect Bose-Einstein gas displays a phenomenon closely 
analogous to classical condensation.’ The discussion of condensation in 
a Bose-Einstein gas leads to an equation of just the same form as that 
from which the conditions for condensation (derived from the cluster 
theory of Mayer’) in a classical gas are deduced.* * Thus, one anticipates 
the relation (13a) which bears essentially the same relations to classical 
condensation as the Bose-Einstein equation bears to statistical condensa- 
tion. 

The Richardson [:quation.. The number of electrons striking a square 
centimeter of surface per second, according to the rate equation, is 
kT 2amkT | 
h he 
(24mkT ) 

h* 

RT 2amkT | 


aia ** i (26) 
h h? 


where the factor 2 takes account of the spin degeneracy of the electron 


Ny K 


227 


K 


and where 


(QamkT) 


° 1 Ny 


W = kT in 


Here, W is called the work function and is the negative of the chemical 
potential of the electrons in the gas phase and, therefore, also of the 
electrons in the metal which is in equilibrium with the gas. The Richard- 
son's equation* ° 
trem(kT)* 
= en,k’ = x or (28) 
h* 

for the current leaving a metal surface agrees with experiment if «* be 
taken equal to zero and the transmission coefficient, x, which in this case, 
is the accommodation coefficient, is taken equal to one-half. Equation 
(18) permits one to calculate the chemical potential and, therefore, n, 
directly. The energy levels in a metal are ordinariiy not well enough 
known, however, to justify this direct approach, 
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Saturation Phenomena tn Homogeneous Systems. Saturation phenomena 
are likewise familiar im homogeneous catalysis. The intensity, /, of 
luminescent bacteria may be expressed by the relation 


I = nk"(LIh)(A,) (29) 


Here A, is the concentration of the active enzyme luciferase; (Li/2) is 
the concentration of the luciferin which is being oxidized; k’ is the specific 
rate constant and / is a proportionality factor. As the temperature is 
raised, active luciferin passes reversibly into an inactive form Ay. Thus, 
we have the equilibrium relationship 


(A,) 


(A,,) 


= K 


which, together with the conservation equation for total luciferase, 
(Ay) = (A,) + (Ay) = (A,) + K(A,), 


gives 


and finally the result® 


. (LITs)(Ao). (32) 
I+A 


If one considers further the effect of enzyme inhibitors, one, of course, 


is led to equations equivalent to those describing the effect of poisons on 


surfaces in the Langmuir Theory. 


Acknowledgment. The authors wish to express their thanks to the 
National Science Foundation for their part in supporting this work. 
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THE HIGH FIELD CONDUCTANCE OF SOME SYMMETRICAL 
VALENCE-TVYPE STRONG ELECTROLYTES* 
By ANDREW PATTERSON, JR. 
STERLING CHEMISTRY LABORATOKY, YALE UNIVERSITY, NEW HAVEN, CONNECTICUTT 


Communicated by H.S. Harned, January 21, 1958; read before the Academy November 


7, 1951 


In 1927 Wien! announced the significant discovery that the conductances 
of electrolytic solutions do not conform to Ohm's law under the influence of 
high potential gradients. In the years which followed, up to about 1939, 
Wien and his coworkers established the nature of the deviation from Ohm's 
law as an increase of conductance with increasing field strength, with quite 
different effects for weak and for strong electrolytes. This work has been 
summarized by Eckstrom and Schmelzer.’ Theoretical explanations for 
the so-called Wien effect were devised by Onsager for weak electrolytes*® 
and by Onsager and Wilson for symmetrical valence-type strong electro- 
lytes.! The nature of the conductance increase is shown in figure 1, where 
the fractional conductance increase (in per cent) is plotted as a function of 
the field strength; curve A is a theoretical computation’ for potassium 
chloride; curves G, //, and / are experimental data for copper, zine, and 
magnesium sulfates, respectively; curves B, D, and F are for lanthanum 
ferricyanide at three slightly different concentrations. All these com- 


pounds are strong electrolytes. Curve “ is for a typical weak electrolyte, 
acetic acid. The data for all these electrolytes pertain to solutions close 
to 10 4 molar at 25°. As is clearly shown in figure 1, all the strong elec- 


FIGURE 1 

Phe high field conductance of some symmetrical valence-type strong electrolytes: 
A, theoretical corrected Ousager computation for lanthanuwa ferricyanide using ¢ 
= 1.025 K 10-4 molar and A(0O) = 1.82 & 10-4; B, D, and /, ¢xperimental results 
for lanthanum ferricyanide, 1.032 * 10° molar (A), 1.025 & 'G + molar (QO), and 
1.023 * 10° * molar (O); C, @, corrected theoretical Onsager computation using ¢ = 
1.025 & 10-4 molar and A(O) = 38.50 & 10°4; D, +, corrected theoretical Onsager 
computation using ¢ = 1.032 * 10 4 molar and A(O) = 3.702 * 107-4; D, &, corrected 
theoretical Onsager computation using ¢ = 1.025 & 10 4 molar and A(O) = 3.702 X 
10 4; F, theoretical uncorrected Onsager-Wilson computation for lanthanum 
ferricyanide, 1.025 * 10.4 molar; G, corrected theoretical Onsager computation (solid 
curve) and experiment (O) for copper sulfate, 1.77. X 10° molar; H, corrected 
theoretical Onsager computation (solid curve) and experiment (A) for zine sulfate, 
1.64 & 10 ' molar; /, corrected theoretical Onsager gomputation (solid curve) and 
experiment () for magnesium sulfate, 1.89 X 10-4 molar; J, uncorrected Onsager- 
Wilson theoretical computation for magnesium sulfate, 1.89 & 10°4 molar; K, 
theoretical Onusager-Wilson computation for potassium chloride, 2.335 *& 10-4 molar; 
L, acetic acid, 7.405 & 10 ‘ molar; all results and computations are for a tempera- 


ture of 25.00° 
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trolytes exhibit a rapid increase of conductance at comparatively low fields 
and a much slower increase at higher fields; weak electrolytes show an 
apparently linear increase of conductance with field. With the 3-3 elec- 
trolyte the fractional increase of conductance is quite large. 

Recently, Gledhill and Patterson’ have devised a new and improved * 
method for the measurement of high field conductance; as a result a con- 
siderable body of data has become available under circumstances and of 
sufficient precision such that meaningful quantitative relations may be 
drawn between the high field conductance behavior of different compounds, 
a situation which has not existed heretofore. In the present paper we shall 
discuss relations between the high field conductances of symmetrical 2-2 
and 3-3 valence-type electrolytes. 

The experimental results presented for discussion are given in figure 1. 
Curve G is for copper sulfate, 1.77 X 10°* molar.6 Curve // is for zine 
sulfate, 1.64 & 10° { molar.’ Curve / is for magnesium sulfate, 1:39 X 
10-4 molar.’ In each case the symbols refer to the experimental data, 
while the solid lines refer to theoretical computations to be discussed be- 
low. Curves B, D, and F are for lanthanum ferricyanide at concentrations 
1.032 & 10-‘ molar, 1.025 & 10-4 molar, and 1.028 & 10 ~‘ molar, respec- 
tively.” All measurements were made at 25.00°. 

Through the use of the Onsager-Wilson modification of the Onsager con- 
ductance equation, ' 


3 ° 
A, = Av ~{- 55 a*g(x)A° + 5 M(x) ) € (1) 
2-+¥ Vv 


~ - 


with the terms as defined by Harned and Owen,’ it is possible to compute 
theoretical curves for these electrolytes. A curve derived from equation 
(1) has been drawn for magnesium sulfate, curve J, and a similarly com- 
puted curve has been drawn for lanthanum ferricyanide, ¢ = 1.025 K 10°! 
molar, curve Ff. Both of these curves fall considerably below the experi- 
mental results to which they should correspond, the difference being par- 
ticularly bad in the case of the 3-3 electrolyte. A similar disparity is noted 
between theoretically computed and experimental values for the low field 
conductance of 2-2 and 3-3 electrolytes; on the other hand, 1-1 strong 
electrolytes conform nicely to theory in conductance, transference num- 
bers, and other properties. A satisfactory solution to the problem is found 
in the assumption of incomplete dissociation into ions and the assignment 
of an equilibrium constant to express the degree of ‘‘weakness”’ of the higher 
valence-type strong electrolytes; one of the most probable causes for this 
weakness is the formation of ion-pairs by the higher valence-type ions 
under the influence of coulombic forces. Bailey and Patterson’ found it 
possible greatly to minimize the difference between experiment and theory 
for the high field conductance of 2-2 electrolytes, as will be seen from an 
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inspection of the solid lines (theory, corrected) and the experimental values 
for copper, zinc, and magnesium sulfates (curves G, //, and J), as com- 
pared with the uncorrected Onsager theory for magnesium sulfate, curve 
J. This improvement was accomplished by combining the Onsager theories 
for weak and strong electrolytes, on the assumption that the ion-pairs pres- 
ent obeyed the Onsager theory for weak electrolytes, while the ions obeyed 
the Onsager-Wilson theory for strong electrolytes. The net result is a 
modification of equation (1) to yield the similar equation 
‘ * 
A-=a 4° — (, 75 a* \%9(x) +- : = jx)) (ac)' . (2) 

‘ ~— Ve V- 
in which the degree of dissociation, a, is a function of field and. ne argu- 
ment of Onsager and Wilson, is a function of a. 

It is of interest to note that the high field conductance of the three 2-2 
electrolytes computed with equation (2) in each case falls slightly above 
the experimental results, although significantly closer than curves com- 
puted from equation (1) of which / is representative. The degree of dis- 
sociation is obtained from the equilibrium constant at zero field, obtained 
from low field conductance measurements on the three electrolytes. The 
position of the corrected curves is principally dependent upon the value 
of A(O). To derive a value of A(O) from a set of conductance data it is 
necessary to know what the conductance behavior of an ideal non-asso 
ciated 2-2 electrolyte would be in order to have a basis for comparison; 
this is a practical requirement for the extrapolation of the data. Also, in 
conductance measurements corrections must be made for the conductances 
of hydrolysis products, for example, MOH* and HSO,~ in the case of the 
sulfates under consideration. As a result, the precision with which an 
equilibrium constant value can be determined from conductance data is not 
high. It is thus surprising that the results obtained from equation (2) are 
as good as they are, but it is more surprising that each theoretical curve 
is just slightly higher than the experiment at the same field. This difference 
is in the direction of requiring a somewhat larger value of A(Q) for best 
agreement. 

When equation (2) is applied to the data for lanthanum ferricyanide the 
theoretical values obtained fall far above experiment; at 200 kv./cm., for 
example, the theoretical value is 36.3, compared to curve D, 20.0; see 
curves A and D, figure 1. With the 3-3 electrolyte aj is naturally smaller 
since the electrolyte is weaker or more associated, and consequently the 
change of @ with increasing field is greater and of more importance in de 
termining the position of the theoretical curve. As before, AdA/ Ag is a sen 
sitive function of. A(O). The fractional high field conductance quotient, 
Ad/Xo, is a sensitive function of concentration also, with this high valence- 
type electrolyte, as will be observed from curves B, D, and /:; the variation 
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is consistent with the usual change of A\/A, with concentration: the higher 
the concentration, the larger the fractional conductance quotient. 

Because of the difficulties attendant upon a determination of A(O) from 
conductance data for this high valence-type electrolyte we have employed 
our high field conductance data to obtain a value of A(0) which is con- 
sistent with these data. This appears to be justified from a number of 
points of view, and it is possible that a more meaningful value than ob- 
tained from low field conductance work may result. As is noted in refer- 
ence 8, this requires a series of successive approximations, since the values 
of most of the quantities relating A (0) to ao, and thus to the high field con- 
ductance quotient, are interrelated. The result obtained from this pro- 
cedure is a consistent set of values of ap and A(0). For example, for curve 
D, ag has the value 0.87900 and A(O) is 3.702 XK 10~‘, compared with the 
value 1.82 X 10°* obtained by Davies and James.’ These quantities 
differ by a factor of two. 

Several comments may be made on this procedure for obtaining a value 
for A(Q). It is assumed that yz is unity throughout the range of applied 
fields when equation (2) is employed; at zero field, a value is obtained from 
other measurements. As the field is increased y4 approaches unity; ata 
field of 200 kv./cm. for which the computation of A(Q) has been made the 
assumption should not have much influence, but at low fields the theo- 
retical curve falls noticeably below the experimental values. It is to be 
noted that the assumption that y4 is unity would cause the theoretical 
curves to fall slightly higher than the experimental values, which is indeed 
the case with the 2-2 electrolytes examined. This assumption would play 
a larger part in the calculations for a 3-3 electrolyte since the degree of 
association is larger than with 2-2 electrolytes. On the other hand, the 
presence of impurities or hydrolysis products will have much less effect on 
the relative conductance increase than on an absolute conductance meas- 
urement, especially if the hydrolysis products or impurities be of lower 
ralence type than the electrolyte under study. Also, except for the diffi- 
culty of the assumption that yy, = 1, no assumptions are made per se as to 
the behavior of a perfect 3-3 electrolyte. It is assumed that Onsager’s 
theory for weak electrolyte high field conductance is valid; this fortunately 
is a matter which is well established. 

Although the employment of equation (2) involves a combination of both 
Onsager theories for weak and for strong electrolytes, it is important to re- 
call that the Onsager theory for weak electrolytes makes no attempt to in- 
clude the effect of the field on the free ions presert or formed by the field; 
since the measurements which give the results in figure 1 are relative to po- 
tassium chloride as a reference electrolyte, the effect of the strong electro- 
lyte behavior of the free ions produced by the field is compensated for very 
effectively if they are univalent, and somewhat less so if of higher valence 
type. 
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The consistent values of A(O) = 3.702 & 10-4 and ay = 0.87900 when 
employed with the concentration ¢ = 1.025 X 10-4 molar give rise to the 
points rendered as filled triangles near curve D. The agreement is very 
satisfactory since the data are derived one from the other. When a value 
of K(0O) = 3.50 X 10>‘ is used with the concentration 1.025 & 10~* molar, 
the filled circles marked curve C result. This curve deviates from curve D 
by about one per cent in the term AX/Ay at 200 kv./em. Since the pre- 
cision of measurement of the fractional high field conductance quotient is 
in the order of 0.03, this is then a sensitive method of obtaining a value for 
A(0). Since A(Q) is supposed to be a constant, the value 3.7 & 10~* was 
employed with the concentration 1.032 X 10~4 molar, for which the data of 
curve B were obtained experimentally. The result was the symbols drawn 
as plus marks near curve ). Although these data lie in the correct direc- 
tion from the filled triangles (that is, higher), they fall considerably below 
the experimental results, curve B. The best explanation which can be 
offered for this lack of agreement is that the expression 


V4 ‘ 
+ log=~- = log K(0) 
) 


y 


log 
S 3(1 — a 


u 


where 


v4 oe 
log * = —9 J <i 0.2004 (4) 


Mu 


(with all terms as defined by Harned and Owen‘) must be employed to re- 
late ag and A(Q). Equations (3) and (4) involve an empirical extension of 
the Debye-Hiickel-Onsager limiting equation which has been extensively 
used with other electrolytes of lower valence type. Only very limited 
data are available to test the equation with 3—3 electrolytes. If the ratio, 
¥4/Nu, Calculated for the larger concentration (1.032 K 10~*) were larger 
than it should be, and if the same ratio calculated for the smaller concen- 
tration (1.025 K 10~*) were more nearly correct, then the calculated points 
would be lower than they should be for the higher concentration. It is 
obviously desirable to extend the measurements to a wider range of con- 
centrations; it would also be most helpful to have more experience with the 
use of equations (3) and (4) for 3-3 electrolytes. 

* Presented in large part before the Autumn meeting of the National Academy of 
Sciences at Yale University, November 7, 1951. This paper reports work done by Dr 
Frederick E. Bailey, Jr., Mr. Daniel Berg, and the author. 

t Contribution No. 1139 from the Department of Chemistry, Yale University. 
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THE BASIS OF THE OXYGEN EFFECT ON X-IRRADIATED 
DROSOPHILA SPERM* 


By WILLIAM K. BAKER AND ELIZABETH S. VON HALLE 
BroLtoGy Diviston, OAK RIpGe NATIONAL LABORATORY 


Communicated by J. T. Patterson, January 14, 1958 


Two hypotheses have been proposed to account for the fact that fewer 
chromosome aberrations are recovered in organisms exposed to ionizing 
radiations while in low O2 concentrations as compared to those treated in air 
or higher concentrations. On the one hand, the data have been interpreted 
to mean that there is a differential production in the number of primary 
breaks with high and low O», concentrations.'!~* On the other hand, the 
conclusion has been reached that the Oy» is affecting differentially the re- 
joining process such that more reunion of broken ends occurs in low concen- 
trations.‘ Baker and Edington’ concluded from studies in Drosophila on 
the production of recessive lethals and translocations in various O, concen- 
trations that the data were compatible with either the differential breakage 
or the differential reunion hypothesis. 

In view of the equivocal results with Drosophila, it seemed advisable to 
design experiments which would distinguish between the two hypotheses. A 
study of the induction of dominant lethals could provide the necessary facts. 
There is strong evidence that the dominant lethals induced in Drosophila 
sperm are, in the main, the result of inviable chromosome rearrange- 
ments (for a discussion of this evidence see Muller® and Catcheside’). 
On this basis, the theoretical relationship between dominant lethal produc- 
tion and x-ray dosage has been derived by Lea and Catcheside® and ex- 
tended in a more general form by Haldane and Lea.’ They conclude that 


the dose relationship of dominant lethals is very well described by a func- 


tion with the following three parameters: a, the average number of breaks 
induced /sperm/ 1000 r which are available for joining at the time of fertili- 
zation; q, the probability that a break will rejoin at fertilization (either res- 
titute or join to form a new arrangement); and D, the dose in kr. Lea and 
Catcheside* found that the theoretical curve which best fitted the experi- 
mental data of Catcheside and Lea” and Demerec and Fano" had the pa- 
rameters a = 0.75 and gq = 0.76. In these experiments the flies were ex- 
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posed in air. Now if the differential breakage hypothesis were the valid 
interpretation of the Oy» effect, then irradiations in Nz should reduce a but 
not change g. In view of the reported fact that with chromosome aberra- 
tions irradiation in Ne effectively reduces the dose by a factor of 2.5 as com- 
pared to treatment in air, a would be reduced to about 0.3 upon treatment 
in No. In figure 1C is shown the theoretical curves (dotted lines) one would 
expect to obtain according to the breakage hypothesis when exposures are 
made in air and No. 

Material and Methods.—The frequency of dominant lethals, for a given 
dose of radiation, is subject to such variables as age of males at time of 
treatment, length of time between irradiation and fertilization, strain used, 
etc. It is necessary, therefore, to describe in some detail the methods used 
in the experiments being reported. Virgin Oregon-R males of Drosophila 
melanogaster, which had taken 10-11 days to develop from egg to eclosion, 
were irradiated 3-4 days after eclosion. Immediately after treatment 
each male was mated to a single virgin Oregon-R female which was from 4 
to 6 days old. Twenty-four hours after mating, the male and female in 


TABLE 1 
DESIGN OF EXPERIMENTS 
AGE OF SPERM (HRS.) FROM 
IRRAiEATION INSEMINATION IRRADIATION 
Te TO To 
DESIGNATION INSEMINATION FERTILIZATION FPERTILIZATION 
Sperm batch Ia 0-24 0-48 24-48 
Sperm batch Ib 0-24 24-72 48-72 
Sperm batch Ila 24-48 0-48 48-72 
Sperm batch IIb 24-48 24-72 72-96 


each vial were separated, the male being mated to a fresh female and the 
original female being piaced alone in a vial containing the egg-laying me- 
dium. She was allowed to deposit eggs in this vial for 24 hours (eggs from 


sperm batch Ia) and then she was transferred to a fresh vial for a final 24 


hours of egg laying (sperm batch Ib). The second female with which the 
male was permitted to mate for 24 hours was also allowed to lay eggs (sperm 
batch II) over a 2-day period under conditions identical to those of the 
original female. By use of this design it is possible to follow the dominant 
lethals induced in at least two successive batches of sperm from the same 
male as well as to follow the age of the sperm from irradiation to fertiliza- 
tion. In table | is shown the manner in which this experimental design re- 
lates the egg counts to the age of the sperm. 

The egg-laying medium, was modified slightly from that described by Car- 
penter'? and, in addition, powdered charcoal was added to facilitate count- 
ing of the eggs. This medium was poured into 35 & 100-mm. glass vials. 
A drop of streptomycin solution was added to the surface to cut down bac- 
terial contamination. A 25 X 95-mm. empty glass vial, inverted within 
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the vial containing the egg-laying medium, served to retain the female and 
allow her to deposit eggs only within a circular area in the center of the 
medium. Immediately after the female was removed from the medium, a 
count was made of the total number of eggs deposited. A count was made 
of both the hatched and unhatched eggs 24-30 hours later. In some experi- 
ments an additional count was made 48 hours after removal of the female 
but this disclosed no additional hatched eggs (temperature 22-27°C.). 
Vials in which none of the eggs hatched were not included in the data, since 
at the moderate dosages used and with the fairly large sample of eggs laid 
by a female over the 2-day period, practically all these cases must have 
come from females which were not inseminated. 
TABLE 2 
EFFECT OF OXYGEN CONCENTRATION AND DOSAGE ON THE INDUCTION OF DOMINANT 
LETHALS 
SPERM BATCH I 
SPERM BATCH I SPERM BATCH II HELD 24 HOURS 
DOSE EGGS PER CENT® EGGS PER CENT® EGGS PER CENT® 
ir) GAS COUNTED SURVIVAL COUNTED SURVIVAL COUNTED SURVIVAL 
None Air 21,336 95.5 20,265 95.6 
1000) No 1,477 86.6 1,468 89! 
5% Oz 2,027 &2 1,739 79 
Air 2,250 77 2,104 81 
2000 Noe 2,895 74 3,778 74. ¢ 
3,812 61 1,440 68 
4,232 59.6 3,854 66.4 
4000 No 3,763 39 3,418 41 2,329 43 
4,408 24 4,037 32 2,992 31 
4,420 24 3,972 30.4 2,501 33 
1,504 15 1,440 15.4 1,454 18 
2,392 6.6 2,229 10.9 1,917 11 
1,332 5.1 2.158 11.0 2,246 9 
® The percentage survival given has been corrected for the control survival measured 
at the same time as the irradiated group. 
In each experiment four lots of 20-25 males were used; one lot was not ir- 
radiated and served as a control, and the other three lots were irradiated 
simultaneously in an environment of No, 5° Oy (balance Ne), and air re- 


spectively. The various gases were passed over the flies for 10 minutes be- 


fore, and continuously during, irradiation. Gases and flies were kept at a 
constant temperature (25 + 0.5°C.) during treatment. Radiation was ad- 
ministered by a Maxitron machine operating at 250 kvp., 30 ma., 2-mm. Al 
filter, giving an average intensity of 292 r/min. at the target distance of 
49 cm. Dosage measurements were made with a Victoreen 100-r thimble 
chamber placed in the same location as the treated flies. 

Results and Interpretation.The extensive data gathered in this study 
have been condensed as much as possible for presentation. Statistical anal- 
ysis revealed no significant difference between the number of eggs surviv- 
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ing during the first and second day of egg laying in either the eggs fertilized 
by sperm batch I or by batch II. Therefore in table 2, which is a compila- 
tion of the results, the data from Ia and Ib are lumped as well as the data 
from Ila and IIb. Also the data from the two or three experiments done at 
a particular dosage are not kept separate. In the first line of the table are 


the lumped data from the control experiments, each of which was performed 
simultaneously with an irradiation. Experiments conducted in No, 57% Os, 
and pure O. under exposure conditions identical to the experimental series 
except for the lack of radiation gave results similar to the control series in 
air. 

One surprising fact becomes immediately apparent upon examination of 
the data in this table. The percentage survival is higher in eggs fertilized 
by sperm of batch II than batch I when the sperm was irradiated in an 
environment of air or 5°, Ov. In No, there is no difference in survival of 
eggs receiving sperm from the two batches. It would thus appear un- 
likely that the explanation of this phenomenon rests on differential sensi- 
tivity, at the time of irradiation, of older and younger sperm. However, as 
a further check on this point, males were irradiated in the fashion just out- 
lined, but after exposure they were separated individually into vials and 
held for 24 hours before being allowed to mate. After this period, the ex- 
periment was conducted in the same manner as the previous experiments. 
In the last column of table 1 is given the survival of eggs fertilized with 
sperm treated in this manner. It is obvious that the survival in this group 
corresponds to the survival in the second sperm batch and thus an explana- 
tion of this phenomenon in terms of differential sensitivity is unequivocally 
ruled out. 

Because of the importance of this increased survival, in interpreting the 
mechanism of the Oz effect, it was necessary to determine if this apparent 
difference rests on a firm statistical basis. Previous workers have shown 
that the frequency of dominant lethals measured is determined by various 
extrinsic factors mentioned previously. However, it is not only necessary 
to hold these factors constant from experiment to experiment, but it is also 
essential to design the experiments so that variations among the individual 
males treated can also be taken into account. This is made necessary by 
the observation that there is much more variation in egg hatch among 
males given identical treatment than can be accounted for by binomial flue- 
tuations. Therefore, in evaluating the difference between sperm batches, it 
is necessary to perform an analysis of variance in order that this extraneous 
variation among males may be taken into consideration. The results of 
the analysis of variance (arc sine transformation was used) are presented in 
table 3. It is clearly evident, from the figures in the first line of this table, 
that eggs fertilized by sperm irradiated in air from batch II definitely have a 
higher survival value than those fertilized by batch I. 
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Bonnier and Liiring!* report just the opposite effect; i.2., a decrease in 
survival with length of time between irradiation and fertilization. How- 
ever, an examination of their evidence reveals that, although such a de- 
crease may exist, its effect is not demonstrated until at least 4 or 5 days have 
elapsed between irradiation and fertilization. They did not observe an 
increased survival between the first and second day, but this is hardly sur- 


TABLE 3 
ANALYSIS OF VARIANCE OF DATA FROM IRRADIATIONS PERFORMED IN AIR 


1000 r 2000 r 
SOURCE OF VARIATION MS r PROB ‘ F 


Sperm I vs. II 

treated 
Sperm I vs. II 

controls 
Between 

experiments : , 31 
Controls vs. treated 52.2 < 26 468! 
Among males" : 28.6 i 41 
Males X Sperm I 

vs. ILinteraction” 48 ol, 44‘ 

1000 ¢ 7000 r 

SOURCE OF VARIATION MS ¥ PROB J F PROB 
Sperm I vs. II- 

treated 61.6 7 5-10% 313.3 15.8 
Sperm I vs. II 

controls 19.« f F con 9.0 
Between 

experiments 2 220.! 5% 28.4 La 
Controls vs. treated ] 77 , 530. : < 56,774.2 2268 
Among males* 64 66 . 25 
Males X Sperm I) 82C 38. 1° 24 19.3 

vs. Ilinteraction’ 32 T 19.§ 

“ These mean squares were used to test significance of variation between experiments 
and between control vs. treated. 

* These mean squares were used to test significance of variation between sperm I vs. 
IT in controls and in treated 

© Because of the absence of homogeneity among the variances comprising this inter- 
action, the pooled mean squares for controls (C) and treated (T) were used separately 
in cilculating F for sperm I vs. II] in controls and in treated, respectively. 


prising because of the technique of mass matings used in their experiments. 
Under such conditions only gross changes would be observable because it is 
impossible to exclude unhatched eggs laid by virgin females, and because 
the large extraneous variation among sperm from different males cannot be 
taken into account. 

The analysis in table 3 also brings out two incidental facts of which we 
were not previously aware. As can be seen in the second line, there is no 
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significant difference between sperm batches within the controls except 
those run with the 7000 r series. This highly significant lowering of the 
hatch count was brought about by one experiment in which the males and 
females were allowed to mate for 12 hours instead of the usual 24. This 
lowered hatch rate was due almost entirely to a decrease in the eggs hatch- 
ing during the second day of egg laying. Presumably a mating period of 12 
hours under the existing conditions was not sufficient to insure that all fe- 
males would receive sufficient sperm to last for 2 days of laying. The other 
fact, made evident by the analysis (line three), is that the three experiments 
at 4000 r are not real replications, as is also true of the two experiments 
conducted at 1000 r. We are aware of no obvious reason for our inability to 
replicate experiments in these cases. 

One other fact should be noted regarding this measurably time-dependent 
recovery of sperm from the effect of irradiation conducted in air. As can 
be seen from table 1, if this recovery was dependent on the total time 
elapsing from irradiation to fertilization, then sperm batch Ib and Ila should 
give the same percentage survival of eggs. The data clearly indicate that 
this is not true, since the survival percentages of eggs fertilized by the 
same sperm batch but laid over a 2-day period are the same. Therefore, 
it must be concluded that this recovery is predominantly localized in time to 
the period from irradiation of the sperm to insemination of the female. 

It is impossible, as was pointed out, to explain this recovery in terms of 
differential sensitivity and thus differential chromosome breakage. How- 
ever, if one thinks of recovery from breakage in terms of joining of broken 
chromosome ends, then the results form a consistent picture. It is known 
that in Drosophila the broken ends do not rejoin to form new arrangements 
until the time of fertilization. Presumably a tandem alignment of the 
chromosomes in the sperm as observed by Cooper"! is responsible for this 


behavior. Cooper concludes (personal communication) that there is not 
yet sufficient cytological evidence to determine whether this orientation is 
present in only a few orin most sperm. In any case, such an alignment does 
not preclude the possibility of restitution of certain breaks. In terms of the 
differential reunion hypothesis of O. action, the dominant lethal data can 
be interpreted to mean that, although the same number of primary breaks 
are induced in air and in No, the breaks induced in N» are more likely to re- 


join and to rejoin more quickly than those induced in air. Since the only 
type of rejoining possible in the sperm is restitution (excluding sister-strand 
fusion if the chromosome is split) the end-result would be fewer breaks avail- 
able at the time of fertilization to form new arrangements. 

In figure | is plotted the observed frequency of surviving eggs as functions 
of dosage, sperm batch, and the three concentrations of O. used. The 
curves shown in graphs A and C are theoretical and are derived from the 
formulae given by Haldane and Lea,’ while those in graph B merely con- 
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nect the observed points. As mentioned earlier, Lea and Catcheside® con- 
clude that their data and those of Demerec and Fano best fit the curve with 
the parameters a = 0.75 and q = 0.76. As can be seen in figure 1A, this 
curve provides a reasonable fit to the data of sperm batch II which come 
from the type of experiment most comparable to the previous work. In 
sperm batch I treated in air, it is assumed that not all the potential restitu- 
tion has taken place, and thus the average nuinber of breaks remaining at 
the time of fertilization is higher. When a = 1.0, the theoretical curve 
gives a good fit to these empirical points. The N2 data are in good agree- 
ment with a value of a = 0.62. It is shown strikingly (Fig. 1C), that the 
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FIGURE 1 
Relationship between dosage, oxygen concentration, and sperm batch on the induction 


of dominant lethals. O = spefm batch I; @ = sperm batch Il; A = sperm batch I 
held 24 hours 


experimental points fall far short of the values expected were Ne causing a 
two and one-half reduction (as compared to air) in the number of breaks re- 
maining at the time of fertilization.” These data, however, give no esti- 
mate of the actual number of primary breaks produced (assumed to be in- 
dependent of O. concentration), nor do they allow an estimate of the re- 
spective probabilities that a broken end will restitute in the sperm when ir- 
radiation is carried out in air or in No. From dosage experiments in which 
insemination follows irradiation very closely, some estimate of the value of 
these sperm parameters might be possible. 

In the foregoing interpretation we have assumed that, although the O, 
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concentration affects the ability of a broken chromosome end to restitute in 
the sperm, it does not influence its ability to rejoin at the time of fertiliza- 
tion. This assumption would appear to be necessary in view of the large 
Oz effect (over four times as many translocations recovered in air as in Ne) 
observed with chromosome translocations in Drosophila.’ The necessity 
for this assumption can be seen from the following arguments. <A reduction 
in the value of @ from 0.75 to 0.62 is not sufficient, according to the calcula- 
tions of Lea and Catcheside,’ to account for a fourfold reduction in the num- 
ber of viable rearrangements. These calculations also show that if the 
same number of breaks were available at the time of fertilization in No- 
treated and air-treated sperm and if in the former rejoining of broken ends 
was more likely, then more rearrangements should be recovered in the N.- 
treated sperm than the ones exposed in air. Therefore, if the O, concen- 
tration also affected the rejoining ability at fertilization, a still smaller dif- 
ference would be expected between the frequency of translocations recov- 
ered.in air and in No. There still remains the problem as to the cause of the 
large O» effect with translocations. It is possible that this discrepancy be- 
tween the dominant lethal and the translocation data may be caused by the 
fact that the latter experiments were conducted at 8°C., the former at 25 
Previous work'* with recessive lethals indicated a larger O» effect at the low 
temperature, but whether or not this is the explanation will have to await 
further experimentation. ; 

Discusston.—Riley, Giles, and Beatty*® argue against the reunion hy- 
pothesis of O, action on the basis of two lines of evidence: (1) Experiments 
conducted using Tradescantia (Giles and Riley') have shown that changing 
the O. concentration immediately after irradiation, when some of the in- 
duced breaks still remain free, has no effect on the yield of chromosome ab- 
errations. (2) The yield of chromatid exchanges varies with intensity of 
radiation in a similar manner when the irradiation is carried out in N» or 
in Os.’ Giles and Riley point out, concerning the first line of evidence, that 
the experiments do not exclude the possibility that the subsequent behavior 
of a broken end in rejoining is determined by conditions existing at the time 
the break is produced. Thus under this possibility, only the O, con- 
centration at the time of irradiation would affect the yield of aberrations. 
The second line of evidence is taken by Riley, et a/.,* to indicate that, ‘‘the 
average restitution time is essentially the same for breaks produced in the 


presence or in the absence of oxygen.’’ However, strictly speaking, the 
only conclusion that can be implied from their experiment is that the breaks 
which are to be used im exchanges remain open for approximately the same 
length of time in O. and in Ny. Thus the evidence has no direct bearing on 
the question as to whether breaks formed in N, are more likely to restitute 
than those induced in O, or whether the restitution takes place more 
quickly. Also it should be noted that while the frequency of chromatid ex- 
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changes increases with intensity, there is no compensatory decrease in the 
frequency of chromatid breaks as might be expected if, as is generally as- 
sumed, the exchanges arise from two originally produced chromatid breaks. 
This may mean that there are two types of breaks produced; those which 
can either restitute or join in a new arrangement, and those which remain 
permanently broken and subsequently appear as chromatid or isochromatid 
breaks. 

It is generally thought that chromatid deletions and exchanges come from 
chromatid breaks. However, consideration should be given to the likely 
possibility that isochromatid breaks can also produce deletions and ex- 
changes when one or more of the broken chromatids restitute. If we keep 
this possibility in mind, and if we assume that the lack of O. makes more 
likely the restitution of breaks capable of joining, then certain observations 
of Riley, et al.,* become more meaningful. A lowering of the O, tension 
during irradiation would markedly decrease the frequency of chromatid ex- 
changes and isochromatid deletions. However, it would be expected. that 
the frequency of chromatid deletions would not be lowered as much since 
restitution of one of the broken chromatids in an originally produced iso- 
chromatid break would increase the number of recovered chromatid dele- 
tions. These workers observed a much lower O.-He dose ratio in the case 


of chromatid deletions as compared with either exchanges or isochromatid 
breaks. As they point out, such a difference would not be expected on the 


basis that O. concentration 1s affecting the initial number of breaks induced. 

Support for the reunion hypothesis comes from the following four ob- 
servations: (1) The very low frequency of endosperm mosaics formed (in 
contrast with interstitial deletions) in maize when irradiation is carried out 
in Ny as compared to air (Schwartz,* and unpublished). These mosaics 
are formed when breaks do not restitute and sister-strand fusion initiates 
the chromatid type of bridge-breakage-fusion cycle. (2) Dominant lethals 
in Drosophila are not reduced with irradiation in N» to nearly the extent 
one would expect on the breakage hypothesis. (3) The demonstrated re- 
covery from dominant lethals (interpreted as restitution of some breaks) 
which is dependent upon the time elasping between irradiation and insemi- 
nation in sperm treated in air but not demonstrably dependert in No- 
treated sperm. (4) The previously mentioned low dose reduction observed 
with chromatid deletions in Tradescantia upon exposure in He. 

From the available data, there is little reason to believe that the fre- 
quency of induced primary breaks is affected by O, concentration. Rather, 
we envisage the substances induced by the interaction of O, and x-rays as 
ones which produce chromosome breaks less capable of subsequent rejoin- 
ing than the breaks induced in the absence of Oo. In Drosophila, these sub- 
stances are effective only on the process of restitution, and apparently ex- 
tend the average length of time between breakage and restitution. It re- 
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mains to be seen whether the O, concentration affects the general rejoining 
in other organisms in which the process of restitution and rejoining to form 
new arrangements are not separated in time. 

Summary.—A study of the relation between x-ray dosage and O, con- 
centration on the induction of dominant lethals in mature sperm of D. 
melanogaster shows that the frequency of dominant lethals induced upon 
irradiation in N» is reduced much less than would be expected on the hy- 
pothesis that O, concentration is affecting the number of primary breaks in- 
duced. Fewer dominant lethals are recovered in sperm exposed in air when at 
least 24 hours have elapsed between treatment and insemination than when 
insemination very shortly follows treatment. This effect is not observed in 
N.-treated sperm. These data can be interpreted on the basis that the Oy» 
concentration affects the amount of restitution of chromosome breaks tak- 
ing place in the sperm. A low O, concentration during irradiation makes 
restitution more likely, and the broken ends apparently restitute more 
quickly. Therefore, the data lend support to the differential reunion hy- 
pothesis of O» action rather than to the differential breakage hypothesis. 
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The contribution of an individual of one generation to the gene pool of 
the next depends upon the ability of the individual to survive and to repro- 
duce. This contribution, relative to that of other individuals of the same 
population, is a measure of the biological adaptive value of the individual 
in the succession of environments which it has encountered up to the close 
of its reproductive age. Similarly, the adaptive value of a population is 
determined by the average survival and reproductive capacities of the 
many gene combinations which are produced in this population. Since 
the environment is everchanging, an organism is exposed to a greater or 
lesser variety of environments. An organism is usually capable of carrying 
on its vital functions in all environments in which the species or population 
to which it belongs normally exists. Adaptation to a variety of environ- 
ments is accomplished in two ways. First, most species and populations 
are polymorphic and consist of a variety of genotypes optimally adapted to 
different aspects and sequences of environments. Secondly, individuals 
respond to environmental changes by physiological and structural modifi- 
cations. Modifications evoked by environmental variations recurrent in 
the environment of the species almost always tend to increase the proba- 
bility of survival and reproduction of the organism. The organism ad- 
justs itself to recurrent environmental changes in such a way that its func- 
tioning continues unimpaired; it is said to be homeostatic. ! 

Homeostatic mechanisms have been carefully studied by physiologists, 
especially in the higher vertebrates. It is nevertheless far fiom univer- 
sally realized that homeostasis is conditioned by the genotype, and the 
different genotypes permit different degrees of homeostasis. The ‘‘wis- 
dom of the body”’ is an outcome of the molding of the genetic structure of 
the species by natural selection in the process of evolution, and it cannot 
be understood outside this evolutionary context. As pointed out by sev- 
eral authors, especially by Schmalhausen,’? genotypes which are favored 
most strongly by natural selection are those which condition homeostatic 
responses to recurrent environmental stimuli. Stimuli which were seldom 
or never encountered in the history of the species very often evoke adap- 
tivity indifferent or even positively harmful responses, which Schmalhausen 
has called morphoses. Mutants and gene combinations which have not 
been historically established as normal constituents of natural populations 
of the species may be deficient in homeostatic responses even under usual 
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environments. These new or rare genotypes have not yet become fitted by 
natural selection to any particular environment. Homeostasis, like organic 
adaptedness in general, is not an inherent attribute of living matter as is 
often assumed by vitalists and by Lamarkians of various kinds. 

The genetic mechanisms which underlie homeostasis have been explored 
very little. For obvious technical reasons, classical genetics preferred to 
deal with clean-cut genetic differentials regardless of their adaptive sig- 
nificance. We have been led to this problem by studies on the genetics of 
natural and experimental populations. Here the homeostatic properties of 
some genotypes contrast with a relative lack of such properties in others. 

Experimental Procedures..-Four species of Drosophila are involved in 
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FIGURE 1 
A generalized scheme of crosses used to obtain homozygotes and heterozygotes for 
various autosomes from wild and experimental populations. Black: chromosomes with 
mutant genes used as markers; fr: recessive mutant; DU: dominant mutant. 
Hachured: chromosomes, the effects of which are analyzed. 


the present investigation, namely D. pseudoobscura, D. persimilis, D. 
prosaltans, and D. melanogaster. Samples of the natural populations of 
the first and second species were collected in the summer of 1951 in the 
Yosemite National Park region of California. “Samples of D. prosaltans 
came from several localities in different parts of Brazil (Pirassununga, 
state of Sdo Paulo, collected by Drs. C. Pavan and A. B. da Cunha; Fer- 
reira Gomes, territory of Amapa, northeastern portion of the Isle of Marajé, 
state of Para; Fordlandia, Para; I¢ana, upper Rio Negro, Amazonas; 
and upper Rio Doce, Minas Geraes, collections of Dr. A. B. da Cunha 
and Th. Dobzhansky, made in 1952). All these population samples were 
brought or sent to the laboratory in New York and used to study the con- 
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cealed genetic variability due to autosmal recessive genes and gene com- 
binations carried in the populations in question. D. pseudoobscura and 
D. persimilis have three pairs of large autosomes (the second, third, and 
and fourth chromosomes), and a pair of microchromosomes (the fifth chro- 
mosome). D. prosaltans has two pairs of large autosomes (the second and 
the third). The genetic variability in all of these autosomes, except the 
microsomes, has been studied. The results obtained will be described in 
detail elsewhere. Here it will be sufficient to state that in all cases a cer- 
tain proportion of the chromosomes proved to be lethal in double 
dose, i.e., in homozygotes. Other chromosomes were semilethal, or sub- 
vital, or caused sterility, or modifications of the developmental rates, or 
morphological aberrations in the homozygotes. More important at pres- 
ent is that the techniques used in these studies were alike in principle in 
all cases, the essential features of these techniques being as follows (Fig. 1): 

Males collected in natural habitats, or single sons of the females so 
collected, are crossed to females of a laboratory strain homozygous for 
suitable recessive mutant genes (7, in Fig. 1). A single male from each 
progeny (F,) is outerossed to females carrying in one of their chromosomes 
the same recessive marker, a dominant marker which is lethal to homo- 
zygotes (D, in Fig. 1) and an inversion which suppresses the recombination 
in the proper chromosome. In the next generation (F») flies of both sexes 
which show the dominant but not the recessive marker are selected in 
each strain. Such flies carry the same ‘‘wild’’ chromosome, as well as the 
chromosome with the marking genes. When they are inbred, one-third of 
their progeny (Fs) is expected to be homozygous for a ‘wild’ chromo- 
some (i. e., to carry two replicas of a certain chromosome descended from 
the wild ancestor). Two thirds of the progeny should carry this ‘‘wild”’ 
chromosome aud the chromosome with the marker genes (Fig. 1). In 
reality, the homozygotes are often less numerous than expected because 
some of the “wild” chromosomes are deleterious to the homozygotes. If no 
homozygotes appear, the chromosome is lethal in double dose; if less than 
half of the expected proportion of the homozygotes survive, the chromosome 
is semilethal. (For more details about the method see previous publica- 
tions.*~*® For our present purposes the lethal and semilethal chromosomes 
may be disregarded. The remaining chromosomes, very roughly three- 
quarters of the total, fall within an approximately bell-shaped curve, 
somewhat truncated on the left owing to the exclusion of semilethals. 
It is with these remaining chromosomes, which may be conditionally re- 
ferred to as ““quasi-normal” that we are at present concerned. 

The different quasi-normal chromosomes give different proportions of 
the homozygotes in the test cultures. Apart from the variability due to 
sampling errors, these differences are the result of two causes. First, the 
homozygotes for some of these chromosomes are more viable than others; 
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with sufficient data one can distinguish chromosomes which are subvital, 
normal, and supervital when homozygous. Secondly, the environment, the 
culture conditions, in which the tests are made are not uniform. Thus, 
some cultures are more crowded than others, or have unequal amounts of 
food, ete. The importance of this environmental component of the vari- 
ance can be estimated from our data. Indeed, the tests were so arranged 
that the cultures of the final generation (the lowermost line in Fig. 1) 
were replicated for most of the chromosomes tested. A group of parents 
(F.) were permitted to oviposit in a culture for 2-3 days, whereupon the 
parents were transferred for oviposition in a new culture bottle. For the 
different species and chromosomes, from one to five such transfers were 
made, giving from two to six replicate cwtures. Now, if the viability of 
the homozygotes for a given chromosome is not sensitive to the environ- 
mental variations encountered in the replicate cultures, these cultures will 
give the same proportions of the homozygotes, within limits of the sampling 
errors. Conversely, an environmental sensitivity may result in statistically 
significant heterogeneities between the replicate cultures. This can be 
detected by the Brandt-Snedecor chi-square test for homogeneity among 
the replications. 

Homozygosis for any chromosome is rare in any population of most 
species of Drosophila. In all but the very closely inbred populations the 
two chromosomes of each pair carried by most individuals differ in origin 
and thus have somewhat different gene complexes. Wild flies are usually 
heterozygotes rather than homozygotes. Corresponding heterozygotes 
‘an be obtained also in laboratory experiments. In the F, generation of 
the crosses shown in figure | one must now take females and males from 
the offspring of different wild progenitors. Such experiments have ac- 
tually been made, using chromosomes which were quasi-normal as well as 
those which were lethal or semilethal when homozygous (see the middle 
of the F, and F; of Fig. 1). In these experiments the proportions of the 
flies heterozygous for the two ‘‘wild’”’ chromosomes formed a nearly sym- 
metrical bell-shaped distribution. As with homozygotes, the variance , 
observed in this distribution may be the result of three causes. Apart 
from the errors of sampling, different chromosome combinations may give 
flies of different viability under one environment, or similar combinations 
may give different, viabilities under different environmental conditions. 
The experiments with chromosomal heterozygotes were arranged like 
those that involved homozygotes. Most chromosome combinations were 
obtained in replicate cultures. The sensitivity of the heterozygotes to 
different environmental conditions may be tested by computing chi- 
squares for homogeneity of the replications. 

The experiments involving D. melanogaster were somewhat differently 


arranged.* 7 During the course of regular sample analyses similar in 
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technique and purpose to those described above for natural populations—an 
additional effort was made to find combinations of second chromosomes 
that exhibited ‘“‘negative heterosis.” The original matings that yielded 
homozygous and heterozygous wild type individuals were set up insuch a way 
that the viability of individuals heterozygous for a given pair of second chro- 
mosomes could be compared with the viability of individuals homozygous 
for each of the two members of the pair. These matings were not replicated. 


TABLE 1 
SENSITIVITY TO ENVIRONMENTAL VARIATIONS SHOWN BY HOMOZYGOTES AND HETERO- 
ZYGOTES FOR CHROMOSOMES DERIVED FROM CERTAIN NATURAL POPULATIONS 
HOMOZYGOTES . HETEROZYGOTES 
, DEGREES DEGREES 
CHROMO CHI oF CHI OF 
SPECIES SOME SQUARE FREEDOM ¥ SQUARE FREEDOM P 
Pseudoobscura II 144.34 81 <0. 31.91 33 m3) 
Pseudoobscura III 212.24 86 <0. 33.29 31 i; 
Pseudoobscura IV 173.86 ry 4 <0. 44.09 30 05 
Persimilis II 225.77 184 0 74.92 99 .96 
Persimilis III 519.28 329 <0 67.27 63 3 
Persimilis IV 327.43 269 0 99.05 66 004 
Prosaltans II 253.14 152 <0 48.07 47 4 
Prosaltans Il 290.40 216 <0 72.36 54 046 


TABLE 2 
SENSITIVITY TO ENVIRONMENTAL VARIATIONS SHOWN BY HOMOZYGOTES AND HETERO- 
ZYGOTES FOR SECOND CHROMOSOMES FROM EXPERIMENTAL POPULATIONS OF Drosophila 
melanogaster. N 1S THE NUMBER OF THE CHROMOSOMES OR CHROMOSOME COMBINATIONS 
STUDIED 
HOMOZYGOTES . - HETEROZYGOTES 
DEGREES DEGREES 
POPU CHI OF CHI OF 
LATION N SQUARE FREEDOM P N SQUARE FREEDOM P 
1 88.35 75 0.50 32.16 40 >0.50 
141.38 102 0.01 53.81 51 50 
7 32.47 23 0.09 17.61 13 18 
4 18.51 16 0.30 2 14.80 8 07 
40 168.39 139 0.09 p> 71.20 2 d 50 


TOTAL 97 449.10 355 <0.001 5e 189.58 194 >0.50 


Whenever a combination of cultures was found, however, in which the via- 
bility of the heterozygous individuals appeared to be less than that of the 
two homozygotes, replicate F, cultures were made using D/+F; (Cy L/+ 
in the case of D. melanogaster) flies as parents. Usually four or five, 
rarely three, replicate cultures of each type of homozygous and of the hetero- 
zygous crosses were made. The final decision as to the presence or ab- 
sence of negative heterosis was based on these greatly increased numbers of 
flies. This slightly unorthodox reason for deciding which chromosomes to 
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test in replicate cultures would have the effect of selecting those chrome- 
somes which when homozygous resulted in higher than average viabilities 
and chromosomal combinations that produced correspondingly lower via- 
bilities. The Brandt-Snedecor chi-square test for homogeneity was used 
among these replications as it was in those described above. 

Environmental Sensitivity of Homozygotes and Heterozygotes.—A summary 
of the results of the homogeneity tests for the replicate cultures is presented 
in tables | and 2. In both tables the cultures producing flies homozygous 
for certain chromosomes derived from natural or experimental irradiated 
populations are contrasted with cultures giving rise to flies with the two 
chromosomes of a pair derived from different progenitors. 

It can be seen at a glance that the homozygotes generally show very 
significant heterogeneous viabilities in replicate cultures, while the hetero- 
zygotes usually do not. This situation has been emphasized in table 2 by 
summing the chi-squares and degrees of freedom for each type of replica- 
tion. The individual entries in table 1, with few exceptions, agree in dem- 
onstrating the heterogeneity among homozygous replications and the homo- 
geneity among the sets of heterozygotes. The data in table 2 are not so 
consistent; it is quite probable that replicated cultures of chromosomes 
from population 1, for instance, are not heterogeneous. The difference 
between tables 1 and 2 may result from any of three factors: (1) The 
number of D. melanogaster chromosomes analyzed was quite small. (2) 
The choice of chromosomes tested in replicate cultures from the experi- 
mental populations favored homozygotes with high viabilities. (3) The 
experimental irradiated populations of D. melanogaster were kept under rela- 
tively constant conditions where selection for homeostasis would be min- 
imized; indeed, the Oregon-R strain of flies from which these populations 
were started has been kept under laboratory conditions for at least 25 
years. 

Environmental Sensitivity of Different Chromosomes._-Dobzhansky and 
Spassky* measured the viability of homozygotes for 26 second and 22 
fourth chromosomes of D. pseudoobscura at three different temperatures: 
16'/2°, 21°, and 25!/2°. They found that about half of these chromosomes 
showed significant differences in performance at the three temperatures, 
while the other half were not temperature sensitive. Their experiments, 
like those described in the present article, involved raising replicate cul- 
tures for every chromosome. Some of the chromosomes showed quite sig- 
nificant heterogeneities between the replicate cultures at all temperatures; 
others were heterogeneous at only one temperature; still others gave no 
heterogeneities. The environmental variable that caused the heteroge- 
neity was in some instances quite obvious: different degrees of crowding in 


replicate cultures. The homozygotes for some chromosomes are sensitive 


to crowding and survive rather poorly in crowded cultures; other chromo- 
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somes seem to be insensitive to crowding, at least within the limits studied. 
When the heterogeneity is not correlated with crowding, it must be due to 
more subtle differences in culture conditions. Nutritional variables, such 
as different microflorae in different cultures, may be involved. 

Examination of our data discloses a situation similar to that observed 
by the authors just cited. The contributions of some of the chromosomes 
to the chi-squares are much greater than those of other chromosomes. 
The over-all evidence shows that, on the average, the homozygotes possess 
less perfect homeostatic properties than do the heterozygotes; the evidence 
is not critical, however, in determining whether all homozygotes are defi- 
cient in homeostasis or whether some homozygotes are as adaptable as 
most heterozygotes (see, for instance, population 1, table 2). We have 
by no means explored the norms of reaction of the genotypes in question. 
It should be noted that in these experiments the environment was delib- 
erately made as uniform as practicable in fairly large-scale work. Never- 
theless, many homozygous genotypes proved to be sensitive to residual 
environmental diversities that failed to alter the viabilities of heterozygous 
individuals. 

Discussion.-Cannon,' the greatest student of homeostasis, wrote as 
follows: ‘‘In an open system, such as our bodies represent, compounded of 
unstable materials and subjected continually to disturbing conditions, 
constancy is in itself evidence that agencies are acting, or ready to act, to 
maintain this constaney.”’ And: “It is not supposed that the full display 
of homeostatic adjustments will be found in all forms of animals.’’ Homeo- 
stasis is a matter of degree. In general, homeostasis with its consequent 
autonomy of life processes must confer a high selective advantage in most 
species. We do not know which physiological processes in Drosophila 
must be maintained constant to enable the development to proceed unim- 
paired, nor do we know the nature of the gene action that produces the 
buffered system for the constancy of such processes. The evidence of 
homeostasis is necessarily indirect. Nevertheless, heterozygotes are more 
uniformly successful in a variety of environments than are homozygotes; 
this suggests that the heterozygotes are better able than homozygotes to 
cope with these different environments and to maintain their internal mi- 
lieu in functional order. Wigan‘ and, more recently, Robertson and 
Reeve’ have reported similar phenomena within D. melanogaster and 
Mather" in Primula sinensis. In Robertson and Reeve’s report it has been 
shown that environmentally caused variability for certain morphological 
characteristics is inversely proportional to the degree of heterozygosity. 
The generality of this correlation between homeostasis and heterozygosity 
is, of course, a matter of speculation at present. It should be emphasized, 
however, that our data are based on the relative frequencies of two classes 
of flies (D/+- and +/+) and, consequently, statistically homogeneous data 





VoL. 39, 1953 GENETICS: DOBZHANSKY AND WALLACE 169 


within sets of replications of heterozygous combinations indicate the exist- 
ence of homeostasis within both classes of flies. The fact that a pronounced 
homeostasis exists among heterozygous individuals helps in our under- 
standing of the genetic structure of populations. Within recent years it 
has been recognized that the genotype of a Mendelian population is a co- 
adapted system. The evidence of this coadaptation has been obtained from 
studies on heterosis in inversion heterozygotes,’ '' on the adaptive values 
of experimental populations,® ” '? and on the breakdown of heterosis in 
the F, generation hybrids between natural populations of different locali- 
ties.!* Additional evidence '* has indicated that this coadaptation is based 
upon a genetic heterogeneity not upon genetic unifomity and homozygosis 
within a population. 

If heterozygosity—at least within some as yet unknown limits — results 
in an increase of homeostasis, then the extreme genetic heterogeneity within 
a population can be understood: selection for multiple alleles at many 
loci would act to minimize the frequency of homozygosity at any one locus. 
Coadaptation, then, leads to the formation of a gene pool containing those 
members of each series of alleles that are most likely to produce harmonious 
combinations with other alleles at the same locus and in combination with 
the alleles at all other loci. Selection must operate to choose a variety of 
alleles at every locus, thus avoiding the extreme sensitivity to environ- 
mental differences which characterizes many homozygotes; but it must 
also weed out those extreme variant alleles which often react with others 
at the same or other loci to produce morphoses. This results in the accu- 
mulation of a store of mutually compatible alleles—-in other words, in a co- 
adapted genetic system. 

Note should be taken of the fact that not all of our data on heterozygotes 
show evidence of complete homeostasis. A significant chi-square (table 1) 
was found for fourth-chromesome heterozygotes in D. persimilis, and 
chi-squares that lie at the boundary of the conventional significance range 
for the fourth-chromosome heterozygotes in D. pseudoobscura and the 
third chromosome in D. prosaltans. This is not unexpected. First of all 
as mentioned above, in our experiments the viability of the homo- and 


heterozygotes for the wild chromosomes is measured against that of car- 
riers of certain dominant mutant genes introduced as markers (D, in Fig. 1) 
and some of the statistical heterogeneity may arise from a lack of homeo- 
stasis in the mutant heterozygotes. Second, all heterozygotes need not 
possess equal homeostatic capacities; the conditions within standard 
laboratory cultures may well represent an environment that falls outside 
the range of those normally encountered in natural habitats. Further- 


more, the coadaptation of the gene complexes in a population need not be 
so perfect that all individuals that carry two chromosomes from the same 
population will be equally versatile. A heterogeneity of viabilities of 
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heterozygotes has, indeed, been observed by Cordeiro’! and by Wallace 
and King.’ Lastly, occasionally inbreeding or the operation of chance 
must produce some individuals in nature—and in our heterozygous com- 
binations as well—that carry a chromosome section in duplicate and are 
homozygous for that section. 

Natural selection is to a great extent opportunistic, although interpopu- 
lation competition serves to limit this opportunism somewhat. Neverthe- 
less, it is impossible to postulate abstract schemes of evolution without 
regard to the biology of the group in which selection is acting. It may be 
expected that coadapted gene pools and coadaptation of random combina- 
tions of chromosomes arising from these pools would be characteristic of 
crossfertilizing species with rather large effective population sizes. If in- 
breeding or selfing is the rule, it may be expected that homozygotes would 
show consistently high adaptive values in a variety of environments (see, 
for instance, Gustafsson"). Higher animals with their low fecundity and 
individual longevity may be expected to develop a different integration of 
their gene pools than would perennial plants with their great numbers of 
seeds and alternative asexual methods of perpetuation. Finally, micro- 
organisms with their enormous reproductive potentials and extremely short 
generation time may rely upon a still different scheme; here gene mutation 
may serve as the main « laptive mechanism. 

Summary. -We have studied the rates of survival in crowded cultures of 
individuals ‘“homozygous’’ and ‘‘heterozygous’’ for chromosomes derived 
from natural and experimental populations of Drosophila pseudoobscura, D. 
persimilis, D. prosaltans, and D. melanogaster. The “‘homozygotes”’ carried 
certain chromosomes in duplicate, while the “heterozygotes” had the two 
chromosomes of a pair derived from different wild progenitors, or from dif- 
ferent members of an experimental population. The experiments were so 
arranged that each chromosome combination was tested in replicate cul- 
tures. The environments in the replicate cultures varied because of differ- 
ent degrees of crowding and probably also because of variations in the quan- 
tity and quality of the food. The homozygotes often showed significantly 
different survival rates in the varying environments of the replicate cul- 
tures. Conversely, the heterozygotes gave usually uniform survival de- 
spite the environmental variations. It is inferred that the homeostatic 
adjustments are superior in heterozygotes than in homozygotes. The 
gene complexes carried in the homologous chromosomes in sexual and cross- 
fertilizing populations are coadapted by natural selection to give high fit- 
ness in heterozygotes with most other chromosomes of the same population. 
The genotype of a Mendelian population is an integrated system, the parts 
of which are fitted together in the process of evolution. 
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HETEROGENEITY OF CLONES OF SACCHAROM YCES DERIVED 
FROM HAPLOID ASCOSPORES* 


By HERSCHEL ROMAN AND STANLEY M. SANDS 
DEPARTMENT OF BOTANY, UNIVERSITY OF WASHINGTON, SEATTLE 
Communicated by L. J. Stadler, January 21, 1953 


It has been demonstrated" ? in heterothallic strains of Saccharomyces, 
that crosses between clones derived from haploid ascospores sometimes 
produce asci which exhibit tetraploid segregation. One explanation for 
the occurrence of such asci is that they arise from tetraploid ascogenous 
cells which are in turn the result of fusion of diploid cells present in the pa- 
rental clones.' This possibility points up the need for information regard- 
ing the composition of parental clones of haploid origin, in order to achieve 
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a better understanding of segregations obtained from crosses. As a start 
in this direction, we have investigated a number of such clones for evidence 
of diploidy. The results are given below. 

Material..-We are indebted to Dr. C. C. Lindegren for providing us 
with clones | and 21, which are ancestral to the other clones examined for 
heterogeneity. Clone 1 is a “‘rapid’’ galactose fermenter’ and exhibits the 
“flaky” character‘ in liquid medium; both of these characters are domi- 
nant. Clone 21 is a slow fermenter and is non-flaky. When the two clones 
were first received, clone | was of mating-type @ and clone 21 of mating- 
type a. Crosses between the two strains gave, with rare exceptions, asci 


TABLE 1 


Tue Types of SECONDARY CLONES OBTAINED FROM LARGE AND SMALL CELLS Iso- 
LATED FROM CLONES OF SACCHAROMYCES GROWN FROM HAPLOID ASCOSPORES 


SMALL-CELLED SECONDARY LARGE-CELLED SECONDARY 
PARENTAL CLONES DERIVED FROM . CLONES DERIVED FROM 
CLONE LARGE CELLS SMALL CELLS LARGE CELLS SMALL CELLS 


1 0 6 6 
21 0 5 s 
4 : 7 7 0 
27 f 14 10 0 
260 fa 12 l 


TABLE 2 
2SULTS OF MATING-TypeE TESTS OF SECONDARY CLONES DESCRIBED IN TEX1 
MATING TYPE OF 
PARENTAI ORIGINAL TYPE OF SECONDARY CLONES 
CLONE GENOTYPE SECONDARY CLONE i a NON-MATER 
} agF Small-celled 10 0 
27 aGf Small-celled . 0 0 
260 aGf Small-celled 0 0 
4 agF Large-celled 7 0 
27 aGf Large-celled 0 10 
260 aGf Large-celled : 0 10 
1 aGF Large-celled 6 6 
21 agf Large-celled 0 13 


with 2:2 segregations for mating type, galactose fermentation, and flaky. 


Thus clones | and 21 were originally both haploid and their original geno- 
types may be represented as aGF and ag/, respectively. 

Evidence of Genetic Ileterogeneity. In this material, a clone grown from 
a haploid ascospore at first consists of small, spherical cells which average 
about 4 microns in diameter and which grow in clusters (the ‘“‘short-sheot”’ 
growth habit described by Winge and Laustsen*®). Numerous crosses be- 
tween clones at this stage have given segregations which indicate that the 
cells are haploid. As the clone continues to grow, cells of larger size, about 
7 microns in diameter, make their appearance and an older clone, especially 
after several subcultures, often contains a preponderance of such cells. 
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Strains which have become heterogeneous in this fashion exhibit a dimin- 
ished capacity to produce zygotes in crosses with strains of opposite mating 
type. For example, clone 21 lost this capacity almost completely after a 


series of subcultures, although it was at first a vigorous zygote-producer in 
crosses. 

Five clones which were derived from haploid ascospores and which had 
become heterogeneous for cell size were selected in our first attempts to ob- 
tain evidence of diploidy. Both large and small cells were isolated with a 
micromanipulator and placed on agar droplets. After 1-2 days growth on 
the droplets, the colonies (hereafter called secondary clones) were trans- 
ferred to slants and examined two days later for cell size. In 29 of 30 sec- 
ondary clones obtained from small cells of clones 4, 27, and 260, the cell 
size and growth habit were of the type associated above with the haploid 
condition (table 1). On the other hand, 29 of the 37 secondary clones 


TABLE 3 
THE COMPOSITION OF VARIOUS PARENTAL CLONES SAMPLED BY THE PLATING METHOD 
TYPES OF SECONDARY CLONES 


PARENTAI ORIGINAL SMALL-CELLED LARGE- CELLED 
CLONE GENOTYPE i a NON-MATER a a NON-MATER 


242A aG F 0 0 0 
B aGF ‘ 0 0 0 

Cc aGF ) 0 0 0 

D aG fF : 0 0 0 

l aGF 0 21 86 

13 agf 8 0 3 25 
15 aG} 2! 0 0 11 
21 agf 0 : 0 62 
27 aGf 0 0 44. 
30 agF j 0 0 30 
260 aGf ‘ 0 0 15 


grown from large cellswere predominantly large-celled themselves. In these 
there was actually a range in cell size and some of the cells were as small 
as those of haploid clones. It will be seen later, however, that the range 
in cell size is characteristic of diploid clones and is not due to the presence 
of haploid cells. Clones 1 and 21, which were also selected for examina- 
tion, gave only large-celled secondary clones, even when these were derived 
from small cells. As table 3 shows, this may be attributed to the fact that 
clones | and 21 had become diploid to such an extent that the small cells 
isolated from these clones were actually diploid cells that were either ar- 
rested in growth or had not yet attained full size at the time of selection. 
The secondary clones were tested next for mating type (table 2). All of 
the small-celled clones exhibited a mating reaction and in each case the 
mating type was that of the parental clone from which the secondary clone 
was derived. The large-celled clones, however, were of two types: one 
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gave the expected mating reaction whereas the other failed to mate with 
either a or a mating-type strains. Asa safeguard against the possibility of 
contamination, all of the secondary clones were tested also with respect to 
galactose fermentation and the flaky character and all gave results identical 
with those of the parental clones from which they were isolated. 

Aside from the difference in mating reaction, the two types of large-celled 
clones differed from each other with respect to sporulation and growth 
habit. Sporulation could be induced (on gypsum slants) in the 
non-mater clones but not in clones which were capable of mating. Also, 
the cells of the latter tended to grow in clusters, like those of the small-celled 
clones. (It should be noted that the clustering tendency is obscured in 
clones that are flaky.) The non-mater clones consisted for the most part 
of individual cells or cells with single buds. 

An indication of the extent of heterogeneity in parental clones was ob- 
tained by the following method. The growth on an entire slant, or a sub- 
stantial portion of it, was suspended in sterile water and dilutions were 
plated on nutrient agar. The secondary clones obtained in this way were 
screened for cell size and mating reaction (table 3). The parental clones 
which were chosen for examination included four from which isolations had 
already been made with a micromanipulator and three others, 13, 15, and 
30, in which large cells had made their appearance after a period of small- 
celled growth. For comparison, secondary clones were obtained also from 
four young clones, 242A, B, C, and D, which were derived from four hap- 
loid ascospores of a single ascus and which were almost exclusively small- 
celled at the time the dilutions were made. It will be seen that the younger 
clones gave only small-celled secondary clones, all ef which possessed the 
expected mating type. The older clones gave varying proportions of large- 
celled secondary clones, of which the large majority were of the non-mater 
type. The preponderance of the latter is the reason for the diminished ca- 
pacity for zygote production which was referred to earlier as characteristic 
of clones which have become heterogeneous for cell size. 

Genetics Tests of Large-Celled Clones: The Non-maters..-As mentioned 
earlier, the cells of clones of this type can be induced to sporulate. Asci 
were obtained from ten secondary clones of clone 21, two of clone 27, and 
one of clone 260. Twenty-three asci were dissected and twenty-one of these 
exhibited a 2:2 segregation for a and a. One of the secondary clones of 
clone 21 (21-4), from which six asci were dissected, gave two exceptional 
asci in which all four spores produced clones that were non-maters. This 
segregation is characteristic of the tetraploid condition and it is possible that 
diploidization occurred in 21-4 to produce some cells of composition aaaa. 
An alternative explanation is given below. In any case, it is evident that 
mutation at the mating-type locus has occurred in these strains and has 
resulted in the production of aa cells, incapable of mating. The occurrence 
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of mutation affecting mating type has been observed also by Ahmad? in 
Saccharomyces cerevisiae and by Leupold* in Schizosaccharomyces Pombe. 
The occurrence of aa cells was demonstrated in four other parental clones. 
Clone 1, which consisted largely of cells that were non-maters (table 3), 
and clones 23, 24, and 25, from which isolations had not been made but 
which were known to contain large cells, were induced to sporulate on gyp- 
sum. Twenty-six four-spored asci were dissected and in all but one a 2:2 
segregation for mating type was obtained. In the exceptional ascus, from 
clone |, one of the four spores yielded a large-celled clone which was a non- 
mater. The sporulation of this clone resulted in asci with a 2:2 segrega- 


TABLE 4 
RESULTS OF CROSS BETWEEN Two LARGE-CELLED CLONES 
4L-II (aaggFF) and 260L-V (aaGGf) 


The clones obtained from the spores of ascus 307 were tested further and the genotype 
of each spore is given in column 5. Rapid galactose fermenters and flaky clones are 
indicated by +, slow fermenters and non-flaky clones by —; n indicates the non-mater 


MATING CONFIRMED 
ASCUS ryYPE GALACTOSE FLAKY GENOTYPE 


307A + aaGG Ff 
B _ aagg Ff 
Cc 
D 
308A 
B 
Cc 
D 
309A 
B 
Cc 
D 


odes 


aagg Ff 
aaGG Ff 


+++ ++ + + + + ~ + 


B 
Cc 
D 


tion foraand a. Thus the ascospore from which the clone was grown was 


probably diploid; the three sister spores, however, gave haploid clones of 


which two were a and one was a. 

We have encountered exceptional asci of this type in other experiments 
and have adopted as a working hypothesis the explanation that the anoma- 
lous segregations are due to postmeiotic nuclear fusion prior to the forma- 
tion of spores. It is necessary also to assume an extra division of one or 
more of the nuclei following meiosis. According to this hypothesis, the ex- 
ceptional ascus is accounted for by assuming that one of the a nuclei di- 
vided again after meiosis and that nuclear fusion occurred between an a nu- 
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cleus and the extra a nucleus. The two exceptional asci from 21-4 already 
described can be accounted for similarly, by assuming an extra division for 
all four nuclei, with subsequent fusions resulting in four @a@ spores. 

Genetic Tests of Large-Celled Clones: The Maters._-The genetic consti- 
tution of the large-celled secondary clones which exhibited a mating reac- 
tion was determined from the results of crosses with each other and with 
haploid clones of known genotype. Eight clones of mating type a, isolated 
from parental clones 1, 4, and 13, and four of mating-type a, isolated from 
21 and 260, were tested in this manner. A full account of the results of 
these crosses will be published elsewhere; for the purposes of the present 
report, the results may be summarized as follows: crosses between large- 
celled clones gave tetraploid segregations; crosses between large-celled and 
small-celled clones gave triploid segregations; and crosses between small- 
celled clones gave diploid segregations. The result of one of the crosses be- 
tween large-celled clones is given in table 4 as an example. Without ex- 
ception, the large-celled clones tested in the crosses above have turned out 
to be diploid and homozygous for one or the other of the mating-type alleles. 

Variability of Cell Size in Diploid Clones. It was mentioned earlier that 
the cells of diploid clones are not uniformly large; rather, the cells range in 
size and some are no larger than the cells in haploid clones. As suggested 
above, the smaller cells may be young cells which have not yet attained full 
size or mature cells which have their growth inhibited for some reason. 
The possibility suggested itself, on the other hand, that the vegetative di- 
ploid yeast cell is dicaryotic and that the smaller cells are haploid, obtained 
as a result of the distribution of only one of the two nuclei to the bud. 
Against this interpretation is the evidence that zygotes are not seen in aa 
clones nor do such clones mate with either a or @ strains; therefore, free a 
and a cells are not formed in aa clones. Moreover, diploid clones homozy- 
gous for mating type have yielded tetraploid segregations only when in- 
tercrossed, and thus do not appear to contain liaploid cells. 

A further test was made with three diploid clones chosen for their rela- 
tively high frequency (roughly 50°;,,) of smaller cells. The clones were of 
composition da, dd, and aa, respectively, and were derived from three spores 
of a four-spored ascus from a cross between two diploids. Samples of the 
clones were plated out and 45 secondary clones were obtained from the aa 
clone, 63 from the aa clone, and 60 from the aa clone. All of the secondary 
clones were of the large-celled type and each gave the mating reaction of the 
clone trom which it was derived. It may be concluded, therefore, that di- 
ploid clones do not contain haploid cells in the material under investigation. 

Discussion. The foregoing results indicate the need for caution in inter- 
preting the results of crosses, particularly when mass matings are made, as 
by the Lindegren technique.’ In this technique, portions of two clones of 


opposite mating type are mixed in nutrient broth, After a sufficient time 
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has elapsed for the production of zygotic cells, the mixture is placed on 
sporulation medium; the asci thus obtained are dissected and clones are 
derived from the ascospores for phenotypic test. The occurrence of di 
ploidization in the parental clones, themselves originally haploid, could 
lead to the production of triploid (aaa or daa or both) and tetraploid zy- 
gotes in the mixture. Also, the parental clones may already contain ada 
cells at the time the cross is made, as a result of mutation at the mating 
type locus. Thus, in addition to the diploid type expected from the cross, 
five other ascogenous types may be present in the mixture, each of which 
could yield segregations that would be quite unexpected if the occurrence of 
diploidization were not recognized. 

The effects of diploidization can be largely avoided if matings are made 
between clones in which large cells, indicating the diploid condition, have 
not begun to accumulate in sizable numbers. In our material, clones 
which have been started from haploid ascospores or vegetative cells and 
incubated for 3-4 days on nutrient agar are generally quite free of diploid 
cells. In older clones, particularly after a series of subcultures, diploid 
cells often accumulate at a rapid rate and in some cases virtually replace 
the haploid cells. The changeover to the diploid condition is frequently 
indicated by a reduction in the capacity of the clone to exhibit a mating 
reaction, owing to the large proportion of aa@ cells which are commonly 
present in such clones. 

The occurrence of an array of ascogenous types can be avoided also if the 
cells which sporulate are derived from a single zygote. This is accom- 
plished in the methods of Winge and Laustsen’ and Chen,'’ in which spores 
or vegetative cells are mated in pairs to produce individual zygotes from 
which clones are grown for subsequent sporulation. The ploidy of the 
zygotes that are thus produced will depend of course on the composition of 
the cells from which they were derived. Single cells, presumed to be di- 
ploid, can also be isolated after a mass mating,'' but here again care must 
be taken in the selection of clones for mating, to avoid the possibility of se- 
lecting cells which were present in the parental clones prior to the cross. 
This possibility can also be avoided, if the parental clones carry appropriate 
nutritional markers, by the prototroph-selection method," 

The occurrence of diploid cells homozygous for mating type raises the 


question of whether the strains utilized in this investigation can be regarded 
as truly heterothallic. If these diploid cells are due to the fusion of haploid 
cells of like mating type, the strains would seem to possess a tendency 
toward homothallism. The difference between heterothallism in S. cerevisiae 
and homothallism in S. chevalieri is determined by a single gene, at a locus 


other than that of the mating-type alleles.'* In Schizosaccharomyces 
Pombe, the homothallic and heterothallic conditions are interconvertible, 
as a result of mutation at the mating-type locus.” Hence, simple genetic 
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changes can result in changes from one mating system to the other. How- 
ever, the diploid homozygotes found in our strains differ from those of 
homothallic strains in two respects: (1) they are capable of forming zy- 
gotes with other cells, and (2) they appear to be incapable of producing 
asci. From the standpoint of reproduction, therefore, the strains under 
investigation are heterothallic and require the heterozygous condition at 
the mating-type locus for spore-production. 

The results presented above also reveal the manifold effects of the mating- 
type locus. The production of zygotes, the capacity to sporulate, 
and the growth habit (whether in small clusters or as free cells) all ap- 
pear to be dependent on this locus. It would seem reasonable to assume 
that these characters are manifestations of an effect of the mating-type al- 
leles on the cell surface. If so, it may be possible to alter these characters 
and, of especial interest, to affect the mating system and sporulation by an 
appropriate treatment of the cell surface. 


Summary.—In the heterothallic strains of Saccharomyces under investi- 
gation, diploidization occurs in clones derived from haploid cells The 
diploid cells are of two types, either homozygous or heterozygous at the 
mating-type locus. The heterozygotes differ from the homozygotes in 
growth habit, mating reaction, and in the capacity to sporulate. The 
heterozygotes, which are capable of sporulation, are incapable of fus- 
ing with other cells. The homozygotes do not sporulate; they will fuse, 


however, with haploid and diploid cells of opposite mating type to produce 
triploid and tetraploid zygotes. 


* This investigation was supported by grants from the Biological and Medical Re- 
search Fund of the State of Washington, and The National Institutes of Health, Public 
Health Service, Grant No. E-328. 
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ASSUMPTION OF BOUNDARY VALUES AND THE GREEN'S 
FUNCTION IN THE DIRICHLET PROBLEM FOR THE GENERAL 
LINEAR ELLIPTIC EQUATION 
By FeLix E. BROWDER 
DEPARTMENT OF MATHEMATICS, BOSTON UNIVERSITY 


Communicated by M. H. Stone, January 6, 1953 


During the past year, the author has presented in two notes in these 
PROCEEDINGS a general method of solving boundary value problems for 
linear elliptic differential equations of arbitrary order which combines 
essential features of the integral equation method and Dirichlet’s Principle 
or the method of orthogonal projection.' In particular we have shown 
that the Fredholm alternative holds for the solutions of the Dirichlet 
problem in an arbitrary bounded domain where the boundary values are 


to be taken on in the generalized sense familiar from the work of Courant, 
Friedrichs, and others on the variational approach to elliptic differential 
equations.’ It is the first object of this note to outline the proof in the 
case of two independent variables that for a smoothly bounded domain, 
smooth boundary data, and an equation with strongly differentiable 
coefficients, the solution of the Dirichlet problem actually assumes the 
full set of boundary data in the classical sense. Similar results in m inde- 
pendent variables are derived by the same method. However, for two 
independent variables, no a priort smoothness conditions on the solution 
need be imposed which are not derived in the general existence theorems.* 
Our second object is to establish the existence and properties of the Green's 
function for an arbitrary bounded domain in /:" on which the Dirichlet 
problem has no null solutions. 

The proof of Theorem | relies extensively upon the results and methods 
developed by Fritz John in his construction of a fundamental solution 
in the small.‘ Our methods are extensible without any alteration in 
principle to the more general case of strongly elliptic systems of differential 
equations.° 

Throughout the following discussion, we shall use the notation of our 
previous notes. 

1. Let D be a bounded domain’ in /", C;"(D) the linear spacé of 2m 
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times continuously differentiable functions with compact support in D. 
fl is the sum of the ZL?-norms of the mth derivatives of //f. 
CT"ED) may be completed with respect to m to a (real) Hilbert 
space //,,(D) and the identity mapping of C?"(D) into L*(D) may be ex- 
tended to a one-one continuous mapping of //,,()) onto a linear subset 
of L?(D). We shall identify //,,(D) with this subset. A function ue L?(D) 
is said to vanish on the boundary of D together with all its derivatives of 
order less than m in the variational sense if uw ¢€ /7/,,(D). 

Let A be a linear elliptic differential operator on D, ne C'(D) n L*(D), 
geC”(D) with square summable mth derivatives in D. The Dirichlet 
problem for A on D with inhomogeneous part 7 and boundary function g 
asks for a function u « C’”"(D) which is a solution of the equation Ku = 7 
in D while uw — g and all its derivatives of order less than m vanish on the 
boundary of D in the variational sense. 

K is said to have strongly differentiable coefficients on D if the coefficients 
of the derivatives of order j in K belong to C*"*’**(D,) for some domain 
D, containing the closure of D. 


(N,(%0) = {x d(x, Xo) < ef ; S.(x0) = {x|d(x, x) = e}). 


Let K be the differential operator on D formally adjoint to K. Then K 
has strongly differentiable coefficients on D if and only if A does. 
THeoreM 1.’ Let K be a linear elliptic differential operator of order 2m 
having strongly differentiable coefficients on the domain D of Ek". Suppose 
that u is a measurable function, summable on every compact subset of D, 
ne C'(D), and that for every ¢ € Crp), So uKg ae = So nodx. Then: 
(1) u=va.e.in DwhereveC’'(D), Kv =n. In particular if ue C(D), 
“= UV. 
(2) Suppose u « C(D), x9 € D, 0 < € < d(x, HE" — D). There exists 
€ > 0, independent of x», such that for € < € we may find functions a,.,...i, 
(x, 2), By... (x, 2) (for each set of indices in whichr << m — 1) defined for 
x € Nya (Xo), 2 € N(xX0) such that: 


(a) |aj,...4,(x,2)| < Meo" 
|Dapvvte(%, 8)| < Mi (d(x, s)]°"~"~" + ”-* at 
where M is independent of x, 2, €, and Xo. 


(b) ForxeN, (Xo), 7 <m — 1, 


” 


O'u(x) = . 
= Svecagy Urervielt, 2)u(2) dt + Sy, 6a) Biuesste(@ 2)n(x) ds. 


ON, : . OX, 
Proof: By an extension of the results of F. John,* it may be shown 
that if the linear elliptic differential operator A has strongly differentiable 
coefficients on D, there exists « > 0 such that for every x» ¢D, we may 





VoL. 39, 1953 MATHEMATICS: F. E. BROWDER IS1 


construct a fundamental solution e(x, 2) of A for \,.(xo) satisfying the 
following conditions: (a), g(x) = SY... e(x, )A ¢(s) dzif ge Co"(.N«(%0)); 
o' *°e(x, 2) : bi , “ 
(3), exists for all sets of indices for which r << m — 1, 
Ox; Ox ;, OF O02), 

s < 2m for x ¥ 2, is continuous in .V.(x)) for x # 2 and satisfies the in- 
equality 

0’ **e(x, 2) 


OX;,. . .OX4, 02; Oz), 


M} [d(x, 2) ?"~"~"~* + |log d(x, 2)| | 


where .\/ is independent of x, 2, and xy; (y), there exist functions a(x), 
c(x, 2) defined for x, 2 € Ne (xp), a(x) bounded on Ne(xo), c(x, 2) and its 
derivatives of order less than 2m — 1 with respect to the z-variables existing 
and sumniable in x on Ve(xo), for which 

O(e(Xx,2)) O(e(x, 2)) 


= + a(x)e(x, 2) + c(x, 2). 
Oz; Ox; 
Let n € C'(Ne(xo)), H(z) Ye n(x)e(a, 2) dx. Then yp e C°"(Ne, 


(x»)), KY = non Nz(x%). For by (8), pe C°" '(Ne(x9)) and by (y), 
Oe(x, 2) . Oe(x, 2) 
dx en 
Oz; » Ox; 
J 


. 
a(x)n(x)e(x, z) dx + f 
Ve, x e Ve. ( ) 


dx - 


Since n € C'(.Ve(x»)), 
On 
OX; 


EX, Z \dx 


+ Sv. toy 00) 


mS fg) More (x, 2) cos (m, x) dSx. 


¥ om '(D) and wy « EMD). If ge C"(D), by (a), 


pee g(s)KyY(z) dz = ae eh G2)1S\ o n(x)e(x, 2) dx}{ dz = 
Si 

Therefore Ky = ». 

Given any « > O, there exists p ¢ c'"(N,..(0)), MM, > 0, such that 

O'p 
Ox, ON;, 
Kk" — D)), let e,(x, 2) p(x z)e(x (X, 2) e(x, 2) — @,(x, 2). If 
, 

ge C."(N,(x0)), Ws) SJ x. g,e0%, 2)ge(x) dx, then p € C2"(N,(x0)). 


By our hypothesis that « is a weak solution of Au = , 


mx) Sy... Kelse(x, 3) dz} dx - n(x) o(x) dx 


«,(%0) 


€,' *0 


< M,«’ forO< r< 4m. If x ¢€ D, 0 < € < min (fe, d(x, 
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S nan n(z)¥(z) dz = S neta) u(z)KyY(2)dz = 
S won) U2) 4 02) — S’wicuy) Kieelx, 2) ¢(x) dx} dz. 


If we set e;(x, 2) = K,e.(x, 2), 
. er n(z)y(z) dz = a g(x) } ee e(x, 2)n(z) dzjdx = 
S, a g(x) { u(x) — S. daa’ €3(X, 2)u(z) dz} dx. 


If v,,(x) = S web) e3(x, 2)u(z) dz + S nets) e\(x, z)n(z) dz then u = 
v,, a.e. in N,o(x)) and (1) follows easily. If « is continuous, u(x) = 
S Nola) e3(x, 2)u(z) dz + S” Nekze) e(x, z)n(z) dz — S  wevw) e(x, 2)n(z) dz, 
If we differentiate with respect to the x-variables and apply (8) and the 
inequalities on p and its derivatives, (2) follows. Q. E. D. 

THEOREM 2. Suppose K is a linear elliptic differential operator with 
strongly differentiable coefficients on the bounded domain D in E*. Suppose 
that the boundary of D is locally connected and has no isolated points. Let 
ge" '(D), 9€C(D) and uniformly bounded on D. Then if u is the 
solution of the Dirichlet problem for K on D with boundary function g and 
inhomogeneous part n, u — g and all its derivatives of order less than m ap- 
proach zero as their arguments approach a boundary point. In particular u 
and all its derivatives of order less than m are continuous on D. 

Proof: iw = u — g, then we//,(D) and Aw = » — Kg. It follows 


from Theore:n 1 that 


"Ww(Xo) - n—-yY . ' , ' 2m—yF 
~ m a < Fe (a) |W(X)| dx + Mj\é + ¢} 
| O 4, . ir oo 


for r \. m Ll. 
LemMA 1.° Suppose that the domain D in I? has a locally connected 
boundary without isolated points. If we H,(D), Xo €D,h = d(x, E" — D), 


then JS, w(x)| dx < Ch"*'k(h, w), where C is independent of h and 


h/2\*o) 
k(h, w) > Oas h > 0. 

Our conclusion follows from Lemma i. Q. E. D. 

THeoreM 3. Let K bea linear elliptic differential operator on the bounded 
domain D of E:". Suppose that the boundary of D has a continuously turning 
normal vector, g « C?"*'(D), » € C\D) and uniformly bounded on D. Let u 
be the solution of the Dirichlet problem for K on D with boundary function g 
and inhomogeneous party. If we C"—(D), then u — g and all its derivatives 
of order less than m approach zero as their argument approaches the boundary 
of D. 

2. Let A be a suitably differentiable linear elliptic differential operator 
of order 2m on the bounded domain D of /:". G(x, 2), defined and measur- 
able on D X D and summable in x for each fixed z in D, is said to be a 





VoL. 39, 1958 MATHEMATICS: F. E. BROWDER 183 


Green's function for K on D if for ne CD) A LD), Ws) = S pGlx, 
z)n(x) dx, we have pe C’"(D) A I,,(D), KY = 7 in D. 

By our previous results, a necessary condition that there exist a Green's 
function for A on D is that the Dirichlet problem for A on D have no null 
solutions, and if a Green’s function exists, it is unique. ‘The converse is 
shown in the following: 

THEOREM 4. Let A be a linear elliptic aifferential operator of order 2m 
on the bounded domain D of E" with suitably differentiable coefficients on a 
domain containing D. Suppose D is a domain whose boundary has n- 
dimensional measure zero. Suppose further that the Dirichlet problem for 
K on D has no non-trivial null solutions. Then there exists a Green's function 
for K on D which ts 2m-times continuously differentiable in x and z for 
x # sand is a fundamental solution for K on D. 

Proof: Under the assumption on the differentiability of the coefficients 
of A and on the measure of the boundary of ), there exists a domain 
D, on which A is suitably differentiable, D ¢ D,, and for which the Dirich- 
let problem for A has no non-trivial null solutions. If ). is another domain 
in DeD, cD. ¢ D,, the family \Ke ge C*"(D»)} is dense in L?(Dz). 
By a variant of the method of Levi, there exists a fundamental solution 
e(x, 2) for A on D, which, by Theorem 1, for fixed x in Ds, is 2m-times 
continuously differentiable in z for zc # x. For x e D, let eo(x, 2) = e(x, 
z)o(x, 5) where o is 2m-times continuously differentiable in z and vanishes 
for z on some neighborhood of « contained in D. The Dirichlet problem 
for Au = 0 on D with boundary function eo(x, 2) has a unique solution 
h(x, 2) «C’"(D) for each fixed x in D. Let G(x, z e(x, 2) — h(x, 2). 
If a(x, z) is chosen so that it, its derivatives, and the radius of the neighbor 
hood of x in which it vanishes are suitably continuous in x, then G(x, 2) 
p(x, 2) + s(x, 2), p(x, s) continuous in x and vanishing for each x on a 
neighborhood of the boundary of D, h(x, 2) ¢€ //,,()) for each fixed x in D 
and varying continuously in /7,,()) with xin D. G(x, 2) is a fundamental 
solution for A on D and is 2m-times continuously differentiable in z for 
each x in D. 

Let ne C'(D) 9 L*(D), Ps) = SpGs, z)n(x) dx. Suppose g « C?"(D). 
Then 
SK .0(2)¥(2) dz Sik (2) : SiG v, z)n(x) dx} dz 


Sin) | SG(x, 2) K.¢(s) dsfdx = Sin(x) g(x) dx. 
Since ne C'\(D), by Theorem 1, Pe C°"(D), Ky n. If n « C!(D), it is 
easily seen that YeJ//,(D). It follows from our previous results that 
there exists a continuous linear transformation 7° from L?(D) into /7,,(D) 
such that 


T(x) K g(x) dx (x) g(x) dx, 
Jp n ¥ e p" ¥ 
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ne LD), geC?'(D). For » € CD), Tn = ¥, by Theorem 1. If 
n > nin L*()), n, converging uniformly to 7 on every compact subset of 
D, 1, ¢€C'(D), 9 @ C'(D) an LD), then Tn, > Tn in /1,,(D) and conse- 
quently in L°(D). But 7y(z) = S pGx, 2)ni(x) dx > J G(x, 2)n(x) dx 
for every zin D. Therefore 7y = pa.e.in D. But pe C’”"(D), and Tne 
CD) A H,,(D). Therefore Y = Ty in D and we /1,,(D). 

Let G(x, 2) be the Green's function for K on D, which may be con- 
structed by the same process since the Dirichlet problem for A can have 
no non-trivial null solutions on D under our hypotheses. G(x, 2), like 
G(x, 2), is 2m-times continuously differentiable in z for fixed x in D. 

If w, ye D, € < minfd(w, h" — D), d(y, E" — D), d(w, y) 2}, let D, = 
D—N fw) — N&y). Then (if MM is a bilinear concomitant of A, 17 K, 
with respect to the exterior of D), 


U0 = SiGe, 2)K.G(y, 2) dz SG, 2)K,G(w, 2) dz 


= — Ss.) MAG(w, 2), G(y, 2))dS, — S-seqMAG(w, 2), G(y, 2)) dS, 


— S sw) MAG(w, 2), Gly, 2)) dS, + S's MAG(w, 2), Gly, 2)) dS, 
= —G(y, w) + G(w, y). 


Thus G(x, z) = G(z, x) is 2m-times continuously differentiable in x for 
fixed gin D. (Analyticity in both variables may be established similarly 
for equations with analytic coefficients.) Q.E. D. 


! Browder, F. E., (1) “The Dirichlet Problem for Linear Elliptic Equations of Arbi- 
trary Even Order with Variable Coefficients,’”’ Proc. Nari. Acap. Ser, 38, 230-2385 
(1952); (11) “The Dirichlet and Vibration Problems for Linear Elliptic Differential 
Equations of Arbitrary Order,” /bid., 38, 741-747 (1952) 

*Cf. Courant-Hilbert, Methoden der Mathematische Physik, v. 2, Berlin, 1937, 
Chap. VII. 

3 Cf. reference 2, pp. 495-497. 

‘ John, F., “General Properties of Solutions of Linear Elliptic Partial Differential 
Equations,’ Proceedings of the Symposium on Spectral Theory and Differential Prob- 
lems, Stillwater, Okla. (1951). 

5 A detailed exposition of our results for this case will appear in the near future. The 
definition of strictly elliptic systems was given by M. I. Visik, Doklad. Akad. Nauk. 
S.S.S.R. (N.S.), 74, 881-884 (1950) 

6 The results and proofs are local in eharacter. Boundedness is assumed for the sake 
of simplicity of statement. 

? Theorem 2 of (1) and Theorem 5 of (II) are immediate corollaries of Theorem I 
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LINEAR PARABOLIC DIFFERENTIAL EQUATIONS OF 
ARBITRARY ORDER; GENERAL BOUNDARY-VALUE 
PROBLEMS FOR ELLIPTIC EQUATIONS 


By FeELix E. BROWDER 
DEPARTMENT OF MATHEMATICS, BOSTON UNIVERSITY 
Communicated by M. H. Stone, January 6, 1953 


The close relation between the theories of elliptic and parabolic partial 
differential equations has long been familiar to mathematicians who have 
worked with either. The simplest instances appear in the method of 
separation of variables and in the fact that limits as > + © of solutions 
of parabolic equations, if such limits exist, must be solutions of elliptic 
equations. The first purpose of this note is to substantiate this relation- 
ship by deriving from the author's results on linear elliptic equations,' 
a general existence and differentiability theorem for the solutions of the 
mixed initial-boundary value problem for a broad class of linear parabolic 
equations of arbitrary order.? Our second purpose is to outline some 
theorems concerning a more general class of boundary value problems for 
linear elliptic equations of arbitrary order established by the author 
previously for the Dirichlet problem the Fredholm alternative, complete 
continuity of the inverse of the differential operator, completeness of the 
eigenfunctions for self-adjoint operators, semi-boundedness, and existence 
of a “Green's function” integral operator representation for the inverse. 
Our results may be generalized to a large class of elliptic systems of differen- 
tial equations. A detailed exposition of our results for this general case 
will appear in the near future.* 

1. Let D be a bounded domain in /:", A a suitably differentiable linear 
elliptic differential operator on D. Let R = {t/t > O}. 

If u(x, t) defined on D X R is 2m-times differentiable with respect to 
the x-variables and once differentiable with respect to /, u satisfies the 
linear parabolic equation of order 2m corresponding to A with inhomo- 
geneous part 7 if 


Ou 
(—1)"*'AKu + 7 = > for(vy,Q «DX R,neC(D) an LD). 


Such a function w« is said to satisfy the initial-boundary value problem 
with initial function # and boundary function g if u(x, f) — g belongs to 
I1,,(D) for every t > O and if u(x, t) > h(x) in L?(D) ast + 0. If the 
Dirichlet problem for A on D has no non-trivial null solutions, then by 
introducing the new dependent variable u,; = u — w, where w is the 
solution of the Dirichlet problem for A on D with boundary function g 
and inhomogeneous part (—1)” 7, we obtain a parabolic equation with 
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zero inhomogeneous part and boundary function and with the initial 


function h# replaced by 4 — g. We shall restrict ourselves to this latter 
case. 

TueoreM |. Let K bea suitably differentiable, self-adjoint, linear elliptic 
differential operator on the bounded domain D of E:" whose boundary has 
zero n-measure. Suppose the Dirichlet problem for K on D has no null 
solutions. Then there exists a solution u(x, t) of the parabolic equation 
(—1)°*"Ke Ou/ot on D X* R for boundary function zero and arlitrary 
initial function he L*?(D) with u(x, t) 2m-times continuously differentiable 
in x and infinitely differentiable in t for (x,t) «D XK R. If the coefficients of 
K are analytic in D, u ts analytic in x. 

LemMA |. Let K be a suitable differentiable linear elliptic differential 
operator on the bounded domain D of I:" whose boundary has zero n-measure. 
Suppose that the Dirichlet problem for K on D has no non-trivial null solu- 
tions. Let G(x, 2) be the Green’s function of K on DA) Then the function 
G,(x, 2) defined recursively for x, 2 « D, x # 2, by the relation G(x, 2) = 
SoG(x, y) Gay, 2) dy, G: = G, exists for every positive integer r and 
satisfies the following conditions: 

(a),. G,(x, 2) ts a fundamental solution for K" on D. 

(8),. G,(—, 2), OG,/Oz; (—, 2) for zin D lie in L?(D) for r > n/2m. 

(y), fee CD) a I,(D), Ke = X¢, then VN SoG (x, 2) ¢(x)dx = 
¢y(z), N Sp 0G,/02;(x, z)g(x)dx = O¢/0z;(z). 

(6),.. Let D, bea subdomain of D, D; ¢ D,O<€<d(D,, EF” — D). Then 
corresponding to ¢, GAx, 2) may be written in the form s,(x, 2) + h(x, 2) 
where s(x, z) = O for d(x, D,) > 6 hj—, 2) for fixed 2 hes in 
IT,,(D), Sp s(x, 2) — s,(x, 21)|dx > Oas zs — 2, in D, and similarly for 
Os,(x, 2)/O2);. There exists c, > 0, for which 


OSAX, 
Oz; 


r 


< c,{[d(x, 2)]?"-"-! + |log d(x, z)| + 1}. 


The mapping of D, into H,,(D) defined by 2, > h,(—, 2) 1s continuous on D,. 

Proof: It suffices to prove (a),, (y),, (6), by induction since (6), implies 
(8),.. The Green's function exists and (@)), (y)i, (6); follow from its proper- 
ties.! Suppose G,(x, 2) exists and (a@),.4, (y);1, and (6),-1 have been 
proved. ‘Then it follows from (6),_; that G,(x, 2) = SnG(x, vG, aly, 2) dy 
exists for x, 2 « D, x # 2. By (6),-1, G,-(%, 2) = 5,-1(¥, 2) + hy-1(x, 2) 
for s « D,, the decomposition corresponding to €/2. On the other hand, 
G(x, y) S(x,y) + h(x, y), where h(x, y) € /1,,(D) for fixed y in N,(D,), 
Sp S(x, y)| dx uniformly bounded for y « N,(D,), and S(x, y) = 0 for 
d(x, y) > e«. For z ¢ D;, G,(x, 2) = SnG(x, y) spaly, 3) dy + SnG(x, 
y) hy aly, 2) dy = Sp G(x, y) hy aly, 2) dv + Sp S(x,y) say, 2) dy + 
Sb Wx, y) saly, 2) dy. If we set s(x, 3) = Sp S(x, vy) sly, 2). dy, 
h(x, 2) = Jp G(x, vy) hy aly, 2) dy + Sp h(x, y) say, 2) dy, then s, and 
h, will give the decomposition of G, for D; demanded by (5),. 
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If ge C2"(D), Sp Gx, 2)R'g(s) d2 = Sp G(x, vy) {Sb G-aly, 2)RT™ 
K¢(s) dz} dy = Jp G(x, y)Ke(y) dy = ¢(x) and (a), follows. 

If ee CD) a I,(D), Ke = X¢, then by the definition of Green's 
function, So G(x, z)g(x) dx = g(z)/A. Thus Jp G,(x, 2)¢(x) dx = 
Sri Sp G(x, y) Graly, 2) dy}¢(x) dx = So G; ily, 2) Sp G(x, y)¢(x) 


l ae is : 
dx}dy = x So Gal, 2)¢(y) dy = ¢(s)/N. The remainder of (y), 


follows. Q. E. D. 

Proof of Theorem 1: We have shown previously that the eigenfunctions 
of the self-adjoint linear elliptic operator A for the Dirichlet problem are 
complete in //,,(D) and a fortiort in L°(D).° After an orthonormal basis 
has been chosen for the eigenspace corresponding to each eigenvalue, 
considered as a subset of L?(D), the resulting set of eigenfunctions { ¢;} 
is a complete orthonormal set in L°()) and orthogonal in //,,(D) with 
respect to the inner product on //,,(D) induced from C?"(D) by (f, g) = 
(—1)" fy Kfeg dx + ko Sp f-g dx, where the real number ky has been 
chosen so that K + (—1)"ko is positive’ If | f) = (f, 1)", led) = 
(—-1)"\; + Kyo ~ + © ast~>~+oa, 

By Lemma |, if r > n/2m, G(—, 2) for z in D lies in L?(D) while Sn 
Gx, z)gi(x) dx = ¢g;(z)/X. By the completeness of {¢,;} in L*(D) and 


, . a 9 /\2 es le - 
Parseval’s equality, >> [¢i(z)]?/\" = Sp\G,(x, 2)|* dx < © and 
+=1 


= Sele) . EK | 
: Ni =. (x, 2) | dx < o, 
> | Oz; Io Oz; 


If h is the given initial function, c¢, = J h(x) ¢,(x) dx, we set u(x, t) = 


=. ci (x) eo P™* st, For fixed t > 0, {u,(—, D} is a Cauchy sequence 


i=1 
in L2(D) and in /7,,(D). Let u(—, t) be the element of //,,(D) which is 
the limit of this sequence. u(—, t) > hin L°(D) ast +0. By its defi- 
nition u,(x, ¢) is 2m-times continuously differentiable in x, infinitely 
differentiable in ¢ and satisfies the differential equation, (—1)"*'Ku, = 


. v2 ws Ou, 
Ou,/Ot. 18 Oe C2"(D), (—1)"! fp u(x, DRO(x) dx = Sp > (x, L)O(x) dx. 
For an interior point z of D, 


OU, Ou, 1 sibaiehol 
ol’ (z, 4) ai ott (2, t) = z= (- 1)Hm +i Cig (sie » nt | < 
i t=st+l | 
* sae “ 2(-1)™*"yGl 2k _ 
i cre DX  [¢ilz)le iG 2 
iF lj s+1 { 


s+1 


for any non-negative integer x. For fixed ¢ > 0, since (—1)"\y > +, 
m +1 t oy F i ou, Ol, 
Mil < 1/)*" for large 1. Thus (z, t) - (z, t)| > 0 
ol" ot* | 
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as S, 5; > + ©, uniformly in a neighfborhood of t hounded away from zero. 
e's +1 oO +1 

Similarly u,(z, t) - u,(c, t)| > O as s, 5; —~ +o, uni- 
olds, o1dz, | 

formly for z in the neighborhood of a point 2 in D and for ¢ in a neighbor- 

hood of tf) bounded away from zero. Therefore u,(x, ¢), its derivatives 


; oO (OU; ; ae : 
with respect to /, ( ), and its derivatives with respect to ¢ converge 
2; \ 


uniformly to u and its corresponding derivatives, which exist and are 


. ” 


: ‘ = Ou : 
continuous in x and ¢. Therefore | (—1)"+!u KO dx = J dx for 
D D ot 


every 0 € C2"(D) and therefore u(—, t) « C2"(D) a IT,,(D) for t > 0, 
(—1)"*'Au = (Ou/ot), Q.E.D. 

2. Let A be a suitably differentiable linear elliptic differential operator 
of order 2m on the bounded domain PD) of /£:". D is said to be smoothly 
bounded if its boundary B is locally a (m — 1)-manifold of class C?” 
imbedded 2m-times continuously differentiably in /:". Following the 
example of the Dirichlet problem, for the general class of linear boundary- 
value problems, each problem will be defined with respect to a linear subset 
If, of C2"(D) such that C?"(D) © Hy. Tf {by 
mappings from C*”(D) to linear spaces S,, they will define such a subset 
Il, = (fbf) = O for a €Q} provided that b,(f) = 0 for f « C?"(D), ain 
Qa (f0 <7 < 2m, ue C2"(D), | u ; = = Ul| ;.) 


‘3 


a €Q} is a family of linear 


K may be written in the form, K = 5 a oegege (XD a + R, 
i he OX... «Ob ian 
order of R < 2m. 
If p is a bilinear form on C?”"(D), the boundary-value problem corre- 
sponding to (A, //,, P) is said to be proper if the following conditions hold: 


(A) For u, v e Ih, 


(—1)” / Ku-evdx = 
‘ D M1 


O”"'Uu 
ons he dx + r(u,v) + p(u, v) + s(u, v) 
such that, 
(1) There exists ¢ > O for which |r(u, v)) < cou cs iv when u, 
Uv € Hh. 
(2) For u,v € Ty, plu, v) p(v, uw) while p(u, u) > Oif u ¥ 0. 


Ou 
OX,,.. .OXy, We, . Oe, 


ye 
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(B) There exists d > 0, p > 0 for which (for u € H],) 


. ' O”"'Uu O”"Uu } 
2 > ere ix + 
I, F — ON). . .OX;,, OX OX ;.», | ; 


tam im 


p(u, u) > pull mn— dull mr. 


Corresponding to a proper boundary-value problem (A, //), p) we may 
define an inner product on //, by 


| a O”"'u o”"v ' 
D U, ~tom m , i ON in OX in, +1 OX tym f 
p(u, v) + d[(u, v) 1]. 


(u,v) = dx + 


For ue H1y, (wu, u) > O unless u = 0. Setting u = (u, u) *, we define 
I], as the completion of //, with respect to . Il, may be identified 
with a subset of L?(D) and is described as the space of functions satisfying 
the boundary-value problem (A, //,, p) in the variational sense. 

(K, Hp», p) is said to be strongly proper if it is proper and if in addition: 

(C;) For each v ¢ //, there is a constant c, such that | JpKu-v dx| < 
és u o + plu, u)*| for all we TT, © C2™(D). 

The boundary-value problem (A, //,, p) is said to be adjoint-proper if 
it is strongly proper and if: 

(C,.) For u, velh, Jp Ku-vdx = fpu-Ke dx. 

The Dirichlet problem is the adjoint-proper problem (A, C’"(D), 0). 
Condition (B) is satisfied independently of //, for all linear elliptic equations 
in two independent variables, all second-order linear elliptic equations in 
n independent variables, fourth order equations in three independent 
variables, and more generally whenever the form — S> dojecsiam(X)Es+-tm 


is. tam 
bin y+stm IS Uniformly positive definite for x in D. | The classical second 
and third boundary-value problems for second-order equations may be 
formulated as adjoint-proper boundary-value problems.*® 

THEOREM 2. Let K be a suitably differentiable linear elliptic differential 
operator on the smoothly bounded domain D of FE". Suppose that (K, Hy, p) 
is a proper boundary-value problem on D. Let ge C?"*"(D), ne CD) 9 
LD). Suppose that there exists nove C?"(D) II, different from zero 
for which Kv = 0. Then for every g, n there exists ue C?"(D) for which 
Ku = n and u — g lies in Il,. More generally, if J ¢ndx = 0 for all 
solutions ¢ of the equation Kg = 0, ¢ €11,, then there exists ue C?"(D) 9 TT, 
such that Ku = 7. 

THEOREM 3. Suppose that (K, I,, p) is a strongly proper boundary-value 
problem. Then the conditions given in Theorem 2 for the existence of solu 
tions are necessary as well as sufficient. The eigenvalues of K with respect 
to the boundary-value problem are discrete, the corresponding eigens paces 
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finite dimensional. If |d,{ ts the family of etgenvalues, then (—1)™ R(Ay) > 
+ oasi> +o, 

THeoReEM 4. Jf A is self-adjoint and (K, [1,, p) is adjoint-proper, then 
the eigenfunctions of K with respect to this boundary-value problem are com- 
plete in Il, as well as in L*(D). 

The proofs of these theorems which are analogous to the corresponding 
proofs of the Dirichlet problem are based upon Theorem 2 of (I) as well as 
the following lemma: 

LemMA 2. Let D bea smoothly bound domain, }u;| a family of functions 
from C2™(D) such that \\u,),, < M for all i. Then there exists an infintte 
subsequence }u,,| for which u;, — u,. 1 O0asr,s> +o, 


' Browder, F. E., (1) “The Dirichlet Problem for Linear Elliptic Equations of Arbi 
trary Order with Variable Coefficients,’’ Proc. Nari. ACAbD. Scr., 38, 280-235 (1952): 
(11) “The Dirichlet and Vibration Problems for Linear Elliptic Differential Equations 
of Arbitrary Order,” /bid., 38, 741-747 (1952); (III) ‘Assumption of Boundary Values 
and the Green’s Function in the Dirichlet Problem for the General Linear Elliptic 
Equation,”’ /bid., 39, 179-184 (1953). 

2 The existence of a weak (generalized) solution has been shown by Milgram and 
Lax using the Hille-Yosida method without any assumption of self-adjointness. 

§ Browder, F. E., “Linear Elliptic Systems of Differential Equations,” to appear. 

4 Cf. (III), section 2 

|Cr Cit). 

6 Cf. Courant-Hilbert, ““Methoden der Mathematische Physik,” v. 2, Berlin, 1937, 
Chap. VII. 

7 Cf. Note 6, pp. 511-528 


STOCHASTIC PROCESSES WITH FINITE AND NON-FINITE 
VARIANCE 
By S. BOCHNER 
PRINCETON UNIVERSITY 


Communicated December 29, 1952 


It has been shown by M. Loéve! (and perhaps had been anticipated by 


Kolmogoroff?) that if a random point function x(t) on an arbitrary f-set 
7 has finite first and second moments then there exists on 7’ another such 
function x°(¢) which has the same first and second moments and 1s Gaussian 
as well; the latter meaning that for any points 4,..., 4 in 7 the joint dis- 
tribution function of the k random variables x; = x°(t;),7 = 1,...,,1sa 
Gaussian one, “regular” or “‘singular.”’ 

We will make two remarks to this theorem. We will extend it to sto- 
chastic processes other and more general than are random point functions; 
and we will also establish it for certain processes for which the second mo- 
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ments are not finite but in which a Gaussian factor will be isolable never 
theless. And being on the topic of non-finite moments of second order we 
will in an appendix make some incidental remarks, for ordinary distribution 
‘unctions, on finite absolute moments of fractional order less than two, and 
the appendix will be quite independent from the preceding text. 

As previously* we take a directed set of indices which we will now denote 


ly }A} and with each index A we associate an ensemble 
{ Ey: (x;), Fe} (1) 


in which /:; is a real Euclidean space and /, is a probability measure on its 
Borel sets, and we assume as follows. If we take a second index yu, with 
\ < yp, and if the corresponding ensemble is | /):(y,,), /,j then we have 
k </, and there is given a certain affine transformation 


l 

Xj -— ) CimVms J oo ry k, (2) 
m=1 

from /; into all of :, whose inverse maps the measure / into the measure 

F; and if we denote the transformation (2) by m, then we have the con- 


sistency relation 
Try = Wry (m,,) (3) 


foranyA <uw< pv. 

Now, in the present paper, an (affinely connected) stochastic process will be 
any directed family of ensembles (1) with transformations (2) as just de- 
scribed. 

It is immediately verified that any real random function x(/) ts a process 
in this sense if each \ 1s a f-set (f;,...,¢) and A < uw means that the f-set 
of X-is a subset of the /-set of uw, and /; is the joint distribution function of 
the k random variables x; = x(t;),7 = 1,...,k. We note that we then 
have Cjm = 6jm. If we wish to admit complex-valued functions then we 
can do this by letting x(f) become a random vector of two components. 
In general, if x(t) is a vector (x'(f),..., x'(t)) then the Euclidean space 
corresponding to the index has dimension 7k, and the corresponding measure 
F, is the joint distribution function of the rk random variables |x°(t;){, 
at TET ES Lak eee 

But we may also envisage an additive random set function (A) as ina 
previous paper of ours,‘ and in this case an index A is a partition (A), ..., 
A,), and \ < w means that wis a subpartition of it. Also, F; is the joint dis- 
tribution function of the random variables x, = X(A,), and it so happens 
that the matrix c,,, consists again of numbers +1 and 0 only, but the ar- 
rangement of these numbers in the matrix is less trivial than before. 

THEOREM |. /f ina stochastic process (1) all distributions F, have finite 
(first and) second moments then they can be replaced by normal distributions 
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F,° which have the same first and second moments and are connected by the 
same affine transformations (2). 
Proof: lf we introduce the characteristic functions 


¢,(a) = ¢g(a;) = Si:, e'™” dF, (x), 
(a, X) = aX t+... + ar, 


and if for each A < yw we introduce the transformation 


k 
3. = z CoO mm... yt, 
j=l 


which is transposed to (2), and if we denote this transformation by 
B= 7 ,(@) = 7a), (6) 


then the two characteristic functions ¢,(a;), ¢,(8,,) are connected by the 
relation 
¢grla) = ¢,(1(a)). (7) 


Conversely (as we have previously‘ shown for set functions), if we are given 
a directed family of characteristic functions |g} and if they are connected 
by relations (7) for affine transformations (6) with the consistency relations 


7 m - 1 “ 7 ™ ? 


then their distributions constitute a stochastic process as introduced. 
Itis known that a distribution /, has finite moments of a given even order 
rif and only if its characteristic function can be written in the form 


g(a) = Py'(a) + o(\a!”) (S) 


in the neighborhood of the origin, where P,’(a@) is an inhomogeneous poly- 
nomial of order r. The polynomial in the representation (8) is unique 
whether 7 is even or not, and consequently, if for \ < uw we also have 


¢,(8) = P,t(8) + 0(|8|") 
then relation (7) implies the relation 
P\'(a) = P,(T(a@)). 
Now, since for a characteristic function we have 
¢e(—a) = ¢(a), | ¢(a)| < ¢(0) = 
it follows immediately that (S) is equivalent with 
g(a) = exp(Qy’(a) + o(\a!’)) 


where Q,’(a@) is an inhomogeneous polynomial of order r which is 0 at the 
origin, and that relation (9) implies relation 
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QO" (a) = Q(T (a@)), (11) 


again forr > 1. Forr = 1 this leads to the following very familiar inei- 
dental result which we w II state but loosely. 

THEOREM 2. [fina stechastic process all first moments exist and are fintte, 
then they can be all made to vanish simultaneously by making them zero in the 
familiar manner tn each F, separately. 

However the interesting case underlying Theorem | is r = 2, and owing 
to (10) we than have 

k k 
Qy2(a) = 14 > Cy)? ap — =z 0 apa, (12) 
=I b,q=1 
where the first sum is a real linear form and the second sum is a real sym- 
metric positive semidefinite quadratic form. If now we put 


gy"(a) = exp(Q\"(@)), 


then this by itself is a characteristic function and its distribution F° (x) 
is Gaussian, and by relation (11) they constitute a stochastic process as 
described in Theorem 1; g. e. d. 

THEOREM 3. If ina stochastic process the second moments are not all finite, 
butif for every \we can put 


g(a) = exp(y'(a@) - W*(a@)), (13) 


where 


” he r¢ 
Y."(a@) = > e,! “Oy Qty, 


qd 


and 
eee Wie i t) 1(a,&) 
Ya) = i>” cy? ap r (« “os —]- 3 .) dpy(&) (14) 
p | 0) l t 3 ie 


dp,(t) > O 


with 


then we have separately 
WKi(a) = ¥,'(T(a)), Wa = ¥,72(7(a)) 


and there are two stochastic processes with the distribution functions 
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ala)}, — {W,2(a)} 


separately. 

Proor: For each A, ¢,(@) is compounded of Gaussian and Poisson 
addends as in the case of an infinitely subdivisible homogeneous process of 
the known type, but our affine transformations (6) are very much more 
general than usual. 

Relation (7) implies 


V2(a) — ¥2(T(a@)) = wa) — p(T (a@)) 
and the assertion is that the two functions 
V"(a) = YW"(a) — v, (Te) m= 1,2 


are both identically zero. Now, ¥*(a,;) is a quadratic form, and if we take 
any fixed vector h = (y,..., /,) and form the second difference 


W7(a; + hy) — 2f?(aj) + Wa; — hj) 
then it has the value 
2y7(h;). 
On the other hand if we form the same difference with ¥'(a,;) we obtain 
1 Sie, (0) ef T(@), 9) da,(n) — 1 Sis, oe” de, (€), (1S) 
where 


da,(n) = (sin(7(h), 0)? dp,(n) > O 


do(é) = (sin(a, £))* dp,(é) > 0, 
and also 
Sin (0) day(&) < , Sie (O) do,(n) < @ 


because of (15). Next, since we have 





k 
(T(a), n) = Ms aj > CjmQ&ms 
j=l m 
it is not hard to conclude that it is possible to find a set function o)’(é) in 
ky — (O) which the inverse of (2) maps into ¢,() such that 


tla, $) , 
* ©" day’ (€). 


i(T(a@), n) x 
Sin (0) @ da,(n) , Sn (9) @ 


Finally if we put 


da(é) = 2do,"(t) — 2do,(é) 
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then we obtain altogether 
(hy) = Sin-@ e'"® da(é) 
where 
Sin— \da(t)| < @, 


We recall that in the preceding derivation |/,{ was fixed so that p*(/y) 
is a constant in (a;), and o(£) may depend on h/, and that (a;) is variable 
and varies over /,:(a;). Therefore the right side in (19) is a Fourier 
Stieltjes transform of a set function of bounded variation which has value 
zero on the point (0). The left side, however, is a constant, and because 
of the uniqueness theorem for such transforms both sides must be zero, 
v7(h;) = 0. If we now vary h, we obtain ¥*(a@) = O, and therefore also 
¥'(a) = 0 by (17), which completes the proof of the theorem. 


Appendix. It 
g(a) = f oy ed F(x) (20) 


isa characteristic function in /¢), then we have 


g(a) + ¢(—a) “ih ee ore 
| — = = 2 sin 5 x dF(x), 


and hence for any function A(@) > 0in 0 < a < | we have 


“1 ] (a) + gl —a) . 
(: a = : ) da = u(x)d F(x) (21) 
+0) A\(a@) 2 x 


where in 0 < x < © we have 


a % 
», (sin 5 * 
>’ oy 

da. (42) 


0 A(a@) 


Also, the relation (21) is valid whether the integrals are finite or + ©, pro- 
vided only p(x) is finite and continuous, and for this it is sufficient that 


“1 @? 
da << @, 
0 (a) 


In the leading case A(@) = a’t!, 0 <q < 2, we have 


w(x) = 2 = da =: 


x” » 


and it is not hard to obtain the following conclusion. 
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THEOREM 4. Fora characteristic function (20) the lirut 


“1 g(a) + ¢g(—a)\ da 
lim | 
e-e 0 J 0 2 a 


exists and ts finite, O <q < 2,1f and only if we have 


S. \x\( dF(x) < @, 


For instance, if we consider for 0 < p < 


< 2? the stable characteristic func- 
tion 


Sat Saleh) de, 


"eo — fee) id 
/ xi! f(x) dx J< ' 4 = P 
, {= o q2p 


then we have 


and our present proof of Theorem 4 is probably the quickest way for proving 
this. However the result can also be refined, and if, for instance, we put 
A(a) = a? *! log a” then we obtain from (21) the logarithmic refinement 


z «< a 
/ x|? |log x\° f,(x) dx 
= @ 


Finally, if we wish to extend relation (21) to a multidimensional char- 
acteristic function 


¢g(a,;) = Six e\® * dF,(x), 


then we first of all require a suitable analog to the arithmetic mean 


V(ja!}) = '/o(el(a) + o(—a)), 
itself a characteristic function. It turns out that it 1s the spherical mean 
over spheres with center (0), 


l F ; 
y( ai) = / e(ialéi, ... , |ale) dws, (24) 
We J Sk_ 


+ £,? 1, itself a characteristic function, which can also be written 
V(ia)) Siz Ui a ix!) dF,(x,) 


where f7,(t) = V,(t)/V.(O) and V(t) = J,(/)-t-—, / 
J,(t) being the Bessel function. 
The analog to (21) is then 


13 i 
¥(B)) =e J u(x, Jd Fy, (x,;) 
A(B) Ek 
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“a — mle S 
B(x;) = ( (|B) + |x) )) ° 
0 : A(B) 


Now, for k > 2 we have 1 — /7/,(t) O(f?) ast —> 0, just as for k = 1, but 
ast{—> © we have //,(t) = o(1) fork > 2, whereas for k = 1 itisonly O(1), 


where 


and the following theorem ensues. 
THEOREM 5. Fork > 2,ifX(a) >Oin0 <a< 1, and (23) holds, if g( aj) ts 
any characteristic function in I, and Wa) ts its spherical mean (24), then we 


“11 — Ya) 
ns da < 
0 AC a) 
“1 da : 
| dF ,.(x;) m. 
x} > 1 ri-1 A(@) 


' In his appendix to: Levy, P., Processus Stochastiques, Paris (1948). 
2 See the bottom of page 609 in: Khinchin, A., Korrelations theorie der stationaren 


have 


if and only tf 


stochastischen Prozesse, \Jath. Annalen, 109, 604-615 (1933). 

* Bochner, S., ‘Partial Ordering in Theory of Stochastic Processes,"’ these PROCEED 
INGS, 36, 489-4438 (1950) 

‘ Bochner, S., ‘Stochastic Processes,’’ Ann. Math., 48, 1014—-LO61 (1947), 


A PROPERTY OF MINIMAL SURFACES* 
By ROBERT FINN 
INSTITUTE FOR ADVANCED STUDY 
Communicated by Marston Morse, January 14, 1953 


1. It 1s well known that if f(x, vy) is harmonic in an open set D of the 
plane and bounded in magnitude by a constant 1/7, then at every point 
Xo = (Xo, Yo) of D there is a bound on f,? + f,* which depends on A/ and the 
distance of (x, yy) to the boundary of D, but not on the particular function 
considered. Since it is intuitively clear that minimal surfaces enjoy ex- 


ceptional smoothness properties, it is natural to expect that a correspond 


ing theorem is valid for minimal surfaces which can be represented by a 
single valued function g(x, vy). In this note we state a theorem of this type 
which is valid for solutions of the minimal surface equation and for selu- 
tions of a related class of equations. 

Except where otherwise noted, we shall assume that all functions con- 
sidered are twice continuously differentiable. 





198 MATHEMATICS: R. FINN Proc. N. A. S. 


THEOREM |. Let D be a bounded open set of the plane, let d be @ positive 
number; let F be the set of all points interior to D and of distance not less than 
d from the boundary V of D. Then there exists a positive number Kp(A, d) 
with the following properties: 

(1) af v(x, y) ts a single-valued solution in D of the minimal surface equa- 
tion 


Cl + Q’)¢rr — 2pdery + U + p*)ew = 0, P = nd = Sw (1) 


and if the area of the surface represented by g(x, y) is smaller than a finite 
number A, then vy,” + ¢,? < Kp(A,d) atany point of F. 

i1) Kp(%, d) is non-decreasing in 1 for every fixed d, non-increasing in d for 
every fixed A. 

The following corollary is a simple consequence of Theorem 1. 

COROLLARY. There exists a function K,p*(M, d) such that if (x, y) is a 
solution of (1) in D and tf \y(x, y)) <M < @ then ¢,? + ¢,? < Kp*(M, d) 
atany point of F.' 

For F may be covered by a finite number Ny, of circles of radius d/4. 
To each of these circles we associate a circle with the same center, but of 
radius d/2. ‘This defines a new family of circles which still covers F and 
lies interior to D, Let A be the union of all circles of the family, I'y the 
boundary of A. Then each point of F is of distance not less than d/4 from 
I',. Denote one of these circles by C, its boundary by I'¢. Then if 
g(x, y) is a solution of (1) in D for which | g(x, y)) <M, 


wP/A+ ffi Vit p? + g@dxdy < 


. x 9 4. 9 a le 
| | A Ae ae ees g a. 5 
cVMV1l4+p4+q ~ re Vi+ p?+qrdn 


fs 9 
Vv 2 " 2 
M g teats ii i gill 
eVi+ p+? 


We thus have for the area Yl, of that part of the surface represented by 
v(x, y) which lies above A, 


My, < wmdNpe(M + d/A), 


from which we find, using Theorem 1, that at any point of F, 
gr2 + oy? < Kay, d/4) < AagladNpe(M + d/4), d/4). 


We include here an outline of the proof of Theorem 1. The property 
(ii) is a Consequence of property (1), since for each pair (J, d) we may choose 
for A,(Q, d) the lower bound of all numbers for which (1) 1s satisfied. 
If for some (%, d) there did not exist a finite number with property (i) then 


‘ (n 


there would be a sequence of solutions | ¢'"'(x, y){ of (1) in D representing 
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surfaces uniformly bounded in area, and a Sequence of points | (%,, Ya)} = 
|X,}{ converging to a point (x, v4) = Xo in F, such that gr” (Xe, Ya) + 
n)*(x,, Yn) > © asn—~ @o,. Let C, bea circle about X, of radius d/2. 
(sy ¥); 


¥y 

For each n, it is possible to introduce isothermal parameters | 
} - n 5 . . z - 7 * 

n(x, y)| on the surface g(x, y) which map the closure Cy of Co in a I~] 


(n 


+o 


manner on the closure C,* of a circle Cy*: & + 92 < Ll. The mapping 
may be performed in such a manner that three given points on the boundary 
of Cy correspond to three given points on the boundary of Cy*, for every n. 
A slight modification of a technique due to Lebesgue” then shows that it is 
possible to select a subsequence of the vectors [w"(&, 9) + wy (& n)f 
which converges uniformly on C,* to a continuous mapping onto Cy. On 
the other hand, it is easily verified that the function 
ey! [xl (E, nn), wP(E, 0) ] 


. vy 
wr'(E + tn) 

inj” i n a. 
+ Yr : Gy ; 


is an analytic function of & + im, and w'” < | for alla. Thus there is a 
subsequence of the |w "| which converges uniformly on every concentric 
subcircle of Cy* to an analytic function w*(£ + im), and either w*) < 1 in 
C,* or w* = e for some real constant a. The former case leads to a con- 
tradiction with the properties of the sequence of points |.X,{ introduced 
above, the latter case would be in contradiction with the hypothesis of 
bounded area. 

2. The properties of minimal surfaces described above admit an im- 
mediate generalization. There exists a well-defined class © of quasi-linear 
elliptic partial differential equations, similar in structure to (1), for which 
the conclusions of Theorem 1 and of its corollary are valid. The class @ 


includes in particular all equations of the form 


(Pper)r + (PPy)y = 0, (2) 


p= 1/W+ Act), W = 1+4t= ¢o,? + ¢,’, 


de : : 
yrovided that e(¢) = O(f-%°*), O(1-° *) ast— and dis a real num- 
I dt 


ber sufficiently small that pl'+|p(t) + 2¢'(t)-t| > A® > O for all non- 
negative ¢. The proof involves a discussion of the relation between two 
Riemannian manifolds, each of which attaches in a natural way to every 
solution of the equation. The following lemma is applied. 

Lemma. Let {w'"| be a sequence of complex valued functions, each twice 


n 


continuously differentiable in a plane domain D. We assume that w'") < 1 
and that the }w™| are of uniformly bounded eccentricity® for all n. Then 
there exists a subsequence which converges uniformly on every compact sub- 
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domain F of D. The limit function w* satisfies the maximum modulus 
principle in the strict sense, that is, if M = “YP \w* then either |\w*, < M 
at every point of D, or w* = Me’ for some real constant a. 

In fact, it can be shown that either w* is interior in the sense of Stoilow, 
or w* = constant. A proof of the lemma follows very readily from results 
of Morrey‘ and from the technique of Lebesgue already cited. 

3. Let g(x, y) be a solution in an open set D of the quasi-linear elliptic 
equation 
A(X, Vy Pry Py) Prr + 20(X, Vy Gry Fy) Gry + CCX, Vy, Grr Fy) Gy = O, (3) 

ac — 6? = 1, 


and let C be a circle of radius d which lies entirely in D. Then it is known*® 

that in the concentric subcircle of radius d/2, the second derivatives of g(x, 

y) satisfy a Hélder condition which depends only on d and on sup (¢,* + 
( 


9 


¢y"). We thus obtain 

THeoreM 2. Let {y'"(x, y)} be a sequence of single-valued solutions in an 
open connected set D of an equation of class @, and suppose that the surfaces 
represented by these functions are uniformly bounded in area for all n. Sup- 
pose further that there is a point (Xo, yo) of D at which | e\"'(x9, vo)/ SK < @ 
for every n. Then there is a subsequence of solutions which, together with the 
corresponding sequences of derivatives up to the second order, converges through- 
out D. The convergence is uniform on every compact subdomain of D and the 
limit function is a solution of the equation in D. 

A corresponding theorem is valid for a sequence of solutions which are 
uniformly bounded in magnitude in D. 

4. Let D be a simply connected domain, [ its boundary. Let ¢* be a 
function defined on I. Given an equation of type (34), the natural analogue 
of the Dirichlet problem is to seek a solution in D which assumes the values 
g* on I. General existence theorems have been obtained, first by S. 
Bernstein,® later by Leray and Schauder’ and by others, under the assump- 
tions that D is convex and that the boundary curve ['* determined by ¢* 
satisfies a three point condition.’ For linear equations neither of these 
conditions is necessary. On the other hand, it is known that there exists 
a boundary curve I’* which projects into a Jordan curve in the (x, y) plane, 
and which is such that, (7) there is a unique minimal surface which spans 
I'*, (7) this surface has a multiply covered (x, y) projection. Thus it is not 
in general possible to eliminate the restriction on D. It is an open ques- 
tion, however, whether this is equally true for the three-point condition. 
We are now prepared to give a partial answer to this question. 

THeoreM 3. Let D be a convex domain, V its boundary. We assume that 
I can be described by twice continuously differentiable functions of arc length, 
and that the curvature of V does not vanish. Let ¢* be a continous function 
defined on V. Then Jor any equation of class @, there exists a unique func- 








VoL. 39, 1953 MATHEMATICS: C. B. MORREY, JR. 201 


tion o(x, y) which is a solution throughout D and which attaches continuously 
to g* onl. 

It is a straightforward matter to show that if a sequence of solutions of a 
quasi-linear elliptic equation converges uniformly on the boundary of a 
domain, then it converges uniformly throughout the closure of the domain. 
But if [ has non-vanishing curvature, any function continuous on I’ can be 
approximated uniformly by functions which yield boundary curves satis- 
fying three-point conditions. 


* This investigation was supported by the Office of Naval Research. 

' The author has knowledge of an unpublished proof of this property of minimal sur- 
faces, based on other methods, due to Professor M. Shiffman. 

2 Lebesgue, H., Rend. del Circ. Mat. di Palermo, 24, 386-388 (1907). 

3 The eccentricity e of w = u + wata point z = x + ty is defined as 


1f/Qi | Qe , Aw . Aw - 
+ , Where Q; = lim , OQ. = lim as Ac -—> 0. If uw and v have contin- 
a Az Az 


) 
~ 


2 


Uz? + uy? + vz? + v,? 
os (ue 
xy 
vanish. 


4 Morrey, C. B., Jr., Trans. Am. Math. Soc., 43, 141-145 (1938). 

5 Morrey, C. B., Jr., loc. cit., pp. 153-158, and Hopf, E., Math. Zeit., 30, 404-413 (1929). 
® Rernstein, S., Math. Ann., 69, 126 (1910) 

7 Leray, J., and Schauder, J., Ann. Ecole Normale Sup., 51, 69-70 (1934). 

* A boundary curve is said to satisfy a three-point condition with constant A provided 


uous first derivatives, then e = wherever the Jacobian does not 


that any plane which intersects the curve in three or more points has maximum incli- 
nation less than A. It is known that A serves as an a priori bound on the gradient of any 
solution of (3) in D which assumes the values ¢* on Tl. For a detailed discussion of con- 
ditions under which the three-point condition is satisfied, see Schauder, J., Math. Zeit., 
37, 625-628 (1933). 


SECOND ORDER ELLIPTIC SYSTEMS OF DIFFERENTIAL 
KQUATIONS 


By CHARLES B. Morrey, JR. 
UNIVERSITY OF CALIFORNIA, BERKELEY 
Communicated by S,. Bochner, January 7, 1953 


In this paper, we consider the existence and regularity properties of the 
solutions of linear elliptic systems of partial differential equations in N 
dependent and v independent variables x = (x', ..., x") of the form 


Silas + 5ful + ef) dx., = f, (cilia + di, uw’ + f,) dx, 
j= il,..5N; a6 1... &, = Fee @ 
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in which ¢, is the unit vector in the «* direction and 7 is the exterior nor- 
mal. In (1) and throughout this note we have used the usual tensor sum- 


mation convention; Greek indices run from 1 to vy and Latin indices from 1 
to VN. The coefficients a(x) are assumed to be continuous on the closure 
G of the bounded domain G, (x), c(x), and d(x) are assumed to be bounded 
and measurable, and e(x) and f(x) to be in ZL, on G. The solutions u = 


(u', ..., u%) are required to be of class $.'* on domains interior to G and 
to satisfy (1) on “almost all cells’’.' The ellipticity condition is that the 


NXN determinant 


se 


|a??(x)AaAg| £0, \ £0, x €G (A = Ay..., A, real). (2) 
We have also considered second order systems of the form 


a ) f« 
a7, Wg = CM g + dyu’ + f, (3) 


r%y 


in which the solutions u and their first generalized derivatives are required 
to be of class [, on domains interior to G and wu is required to satisfy (3) 
almost everywhere. 

The results for the general elliptic system (3) which hold on domains 
interior to G are as follows: 

1. If a solution u of (3) isin Ly on G and G, © G, then 

du, Gi) = 4 Si, 2 (wigs)? dx}? S Ky 
i, a, B 

where K, depends only on v, N, bounds for the coefficients c, and d, bounds for 
the norms in Lz of u and f, G, and its distance from G*, the modulus of con- 
tinuity of the tensor a(x) on G, and a certain “ellipticity bound’ M for a(x), 
M being = 1, the equality holding for Laplace's equation. 

2. If, in addition to the hypotheses above, we assume that f satisfies an in- 
tegral growth condition of the form 


N 


Li[f, CCP, )) = Sewn (= fi) S Lir/ep)’~**™ 
i 1 
Oe. OS 7°05. (4) 


on every sphere C(P, r) with center at P and radius r, dp being the distance of 
P from the boundary G*, then u is of class C,, on G, i.e., u is of class C’ on G 
and its derivatives satisfy untform Holder conditions with exponent y on each 
G, © Gin which the Holder coefficient depends only on the quanitties in 1. and 
on wand L. 

3. Tf, also, all the coefficients a(x), c(x), d(x), and f(x) are of class  - 
G,O <u <1, = O, then u ts of class C." * ® on G, the bounds and Holder 
coefficients for the derivatives of uon a G, © G depending only on the quantities 
in 1. and 2. and bounds and Holder coefficients for a(x) to f(x) on G. 

For the system (1) we have obtained the following results: 
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If a solution u of (1) is in £,0n Gand G ¢ G, then 


’ —* i e 1 7 
di(u, Gi) = 1 So, = (ta)? dx} SS 
t a 
where Ky depends on the quantities in 1. and bounds for b(x) and the norm of 


ein Lz on G, 

5. If, also, e and f satisfy the integral growth condition (4), then the first 
derivatives of u satisfy similar growth conditions and u ts of class C\” on G, 
the Holder coefficient for u on any G, © G depending only on the quantities in 
4. and on uand L. 

6. If, also, a(x), b(x), and e(x) are of class Cy, O <u < 1, on G, then u is 
of class C,, on G, the Holder coefficients for the first derivatives of u on any G, € 
G depending only on those for a(x), b(x), and e(x) on G and the quantities in 5. 

7. If, also, a(x), b(x), and e(x) are of class Cy" * ” and c(x), d(x), and 
f(x) are of class Ci” on G,n 20,0 << 1, then u is of class Ci"*” 
the bounds and Holder coefficients for u and its derivatives on any G; ¢ G 
depending only on these bounds for a(x) — f(x) and on the other quanities in 
6. 

Of course, it is necessary to prove 7. only for the case nm = O when it fol- 


on G, 


” 
‘ 


lows that “, being of class C,, satisfies 


ap. j P a ad 
a (ayy ug + bi? + ef) = Cita + di! + fi 
which reduces to a system (3). 

In order to obtain existence theorems and results concerning regularity 
on the boundaries of regular domains, the writer found it necessary to dis- 
cuss only the system (1) and to confine himself to strongly elliptic systems 
which satisfy 

an’(x)Agvgt't! > 0, x €G, A # 0, E ¥ O. 
* show 
that the Dirichlet problem for a general elliptic system with constant coef- 
ficients and only the a’s present is not always uniquely solvable. Such an 


example is the system 


‘ 1 1 i 2 ‘ 2 
(4.1.1 + 2tti1,2 — th2,3) (tis — 2s Ura) = O 
1 1 2 ‘ 2 
i sees 2,2) + (Wiis + 2uyi,2 - 2,2) = 0 


9 
L 
9 
Zz 


1 
Pe ‘ 
— (Mia — 24 


rz 


for which the determinant (2) equals 2(Aj + \3)* but which has the solution 
u' = wu? = | — (x')? — (x*)*. On the other hand it is easy to prove that 
any general system satisfying the symmetry conditions 


af Ba 


af Be ae 
ath(x) + al@(x) = at?(x) + a®t(x) (all a, 8, 1, 7) 
can be reduced to a strongly elliptic system by merely choosing proper 


linear combinations of the given equations with constant coefficients. 
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For strongly elliptic systems, we have shown that the results stated in 
4.7. hold for domains G, which intersect the boundary G* of G provided that 
the part of G* in G, ts sufficiently regular, u vanishes on that part of G*, and e 
and f satisfy their previous hypotheses on G,; in 4. and 5. the given part of G* 
is required to be only of class C', in 6. it is required to be of class C), and in 7. 
to be of class C" >”. The cases where u does not vanish on the given part of 
G* may be handled by subtracting off an appropriate function coinciding with 


vin + 2) 


Erne i ws 
u there: if, in 6. and 7., the boundary values of u are of class C, or C, 


along G*, we may subtract off a harmonic function, otherwise u must coincide 
on G*  G,, with some function u* which has the regularity properties which 
hold for u when u = 0 on G*. 

For the strong elliptic system (1) with d,, replaced by d,, + A6,,, 6,, being 
the Kronecker delta (this is analogous to considering an equation L(u) = Au, 
L being a differential operator), we have shown that 1f G 7s an arbitrary 
bounded domain, the \-system (1) (with the most general coefficients allowed ) 
has a unique solution u which coincides (in $B.) on G* with any given function u* 
in Yo on G, provided d is not in an isolated set of characteristic values which is 
bounded above; if X is characteristic, the homogeneous system (e = f = 0) 
has a finite dimensional manifold of non-zero solutions which vanish on G*. 
The proof of these results involves operators in real Hikbert space as do the 
recent proofs of Browder! for the single equation of order 2m and of VisSic® 
for the strongly elliptic system; some modification of their methods is 
needed to handle the ease of our general coefficients. 

Finally, the results above and the methods used to obtain them are ap- 
plied to obtain results concerning non-linear systems as follows: 

8. If zis of class C" and is the solution on G of a general elliptic second 
order system 


G(X, 2, 5 Zap) = O 


in which the g, are of class C’, then z ts of class Con G for any p,O <p <1, 
and its second derivatives are of class 2 on any interior domain; if, also, the 


s(n) 


. e ° . wn + 
¢, are of class Cy", n 2 1,0 <p <1, then z ts of class Cy 


” on G. 
9. If zits of class C’ and ts the solution of a regular variational problem, 
t.e., 1s the solution of Haar’s equations 


Sie ie dx, i Si Fa dx, 


. . . . . . 1 ‘ . 

in which f and its derivatives with respect to the p, are of class C’, then z is of 
class C} on G for any p, 9 <u <1, and the first derivatives of z are of class Bo 
on any interior domain. If, also, f and the fyi are of class C,” n = 1, then 


"on G. Boundary value results analogous to those for sys- 


z is of class C\" * 
tems (1) also hold. 
The method of proof consists in first studying the general elliptic system 


(1) in the special case where the coefficients a(x) are constants and all the 
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other functions except e(x) vanish. The method of F. John® is easily 
adapted to Show the existence of an elementary matrix I” (y) for the result- 
ing homogeneous system. ‘The I'(y) are seen to be analytic if vy # 0, 
positively homogeneous of degree 2 — vin yif vy > 2 and of the form 


C¥ log |v! + P4(y) 


if y = 2, the C” being constants and the ['” being positively homogeneous 
of degree O; in all cases P’(— y) = P’(y). Using this elementary matrix, 
the analyticity and certain boundedness properties on interior domains of 


“a-harmonic”’ vectors (i.e., solutions of the homogeneous system) are es 
tablished, and it is shown that a vector which is d-harmonic with finite 
Dirichlet integral on the whole space is a constant. If e is in Ly on some 
sphere C(P, a), special solutions of the non-homogeneous system are given 
by 


8 - ’ ’ - 
xje.(&) d&, Pg(v) = I ply) (5) 


This is seen to be true if e is of class C” everywhere and vanishes outside 
C(P, a). In this case the first and second derivatives of u are seen to be 
continuous and in 1». over the whole space. By taking Fourier transforms, 
one finds that if wis given by (5) then 

D.(u, E,) <= M L,fe, C(P, a)], (6) 


M being the “ellipticity bound” mentioned in 1. The results (5) and (6) 
follow for the general e in L, by approximations. A tricky “Dirichlet 
growth” theorem shows that if e satisfies an integral growth condition (4) 
at P with any exponent 2A < v, then the first derivatives of u (given by (5)) 
satisfy a similar condition; next, if e satisfies a certain type of Hélder 


condition on C(P, a), a classical proof shows that the first derivatives of 
satisfy similar conditions; bounds are obtained in all cases. Finally if f 
isin L. on C(P, a), its d-potential is defined in the obvious way; the proper- 
ties of these follow from the fact that their first derivatives are of the form 
(5). 

The results 1-3 (7m = O) and 4-6 for the general systems (1) and (3) are 
reduced to those for the simplified systems above by confining ourselves 
to sufficiently small neighborhoods C(P, a) of each interior point P and 
introducing certain transformations from u to l’ satisfying 


af ld af af a i 
Gy; Uja, + (af Gs) hak = Citta - be (a = a(P)) 


in the case of (3), for instance. This idea has to be combined with the 
methods of Schauder’ in order to obtain the bounds in |. and 4. The 
higher regularity properties in 3. and 7. are obtained by using the device 
of Lichtenstein® * on interior domains and the uniform boundedness re- 
sults in 1-6. This device 1s also the tool used in obtaining the results in 8. 
and 9. 
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In the case of the strongly elliptic system we use a theorem first proved 
in a special case by Shiffman'’ and an integral theorem proved by Van 
Hove'! to establish the existence and uniqueness theorems for the solutions 
of the simplified systems on arbitrary bounded domains, sharp bounds for 
Dirichlet integrals, etc. These results are used to show that if wu is a- 
harmonic and in Yon a hemisphere and vanishes (in the B. sense) on the 
flat boundary, then w is analytic on that flat boundary; bounds are ob- 
tained, ete. Then the results previously obtained for spheres are now ex- 
tended to parts of spheres (2 hemispheres) on one side of a hyperplane 


and the continuity properties are shown to hold on the flat part of the 


boundary for functions « which vanish on that part (some quite new and 
rather surprising ‘Dirichlet growth” theorems occur in this development). 
The results for the general system (1) on such domains are obtained by in- 
troducing operators as before. The higher order regularity properties are 
first proved by a modified device of Lichtenstein to hold up to the flat 
boundaries of these special domains and are then obtained for sufficiently 
small boundary neighborhoods of (locally) regular domains G by mapping 


these onto the special domains. 
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Vath. J., 6, 170-186 (1940). 
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SPIRALS IN THE PLANE 
By R. L. Moore 
DEPARTMENT OF PURE MATHEMATICS, UNIVERSITY OF TEXAS 
Communicated December 22, 1952 

In the plane, let / denote a definite circle, let O denote a definite point of 
J, let J denote the interior of /, let A denote a point of / and let a denote 
the straight line interval whose end-points are O and A. Let Z denote a 
definite point of a and ‘LZ a definite are lying in / and having only Z in com- 
mon with a. 

Suppose a 1s an are from O to A lying wholly in O + /. From here on 
in this paper the word point will be restricted to mean point of O + / and, 
accordingly, all the ares and other point sets under consideration will be 
understood to be subsets of O + /. 

Definition: The statement that the are a; takes no step toward spiralling 
down on A means that it does not cross the straight line interval a. The 
statement that it takes one step toward spiralling down on A means that it 
crosses a. The statement that it takes two steps toward spiralling down 
on A means that there does not exist an arc from O to A which crosses 
neither a, nor a. If m is a positive integer, the statement that a, takes 
n + 1 steps toward spiralling down on A means that there do not exist n 
arcs a, ..., @ 4, from O to A such that if k < m + 1, ayy; does not cross 
ay, and a4; does not cross a. The statement that a spirals down on A 
means that if 7 is a positive integer, a, takes m steps toward spiralling 
down on A.! 

It is clear that the following theorem holds true. 

THEOREM 1. /f two arcs with O and A as end-points do not cross each 
other and one of them takes n steps toward spiralling down on A, then, if n is 
greater than 1, the other one takes n — 1 steps toward spiralling down on A and 
therefore 1f one of them spirals down on A so does the other one. 

It is to be observed that if an are takes m + | steps toward spiralling 
down on a point then it takes ” steps toward spiralling down on that point. 

Suppose BX C is an interval of the are a; such that (1) C follows B in the 
order from O to A on a, and (2) there exist a point B’ preceding B and a 
point C’ following C, in that order, such that the intervals B’BX and 
C’CX of a both cross a, and BC is the only subinterval x of the interval 
B’C’ of a which has only its end-points in common with a and contains two 
arcs, one abutting on @ from one side at one end-point of x and the other 
abutting on @ from the other side at the other end-point of x. Then the 
segment BXC — (B + C) is called a winding of a, about A and this wind- 
ing is called positive or negative according as it is or is not true that the in- 
terval BX of BXC and the are LZ abut on a@ from the same side. No 
two windings of a; about A have a point in common and if two of them have 
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a common end-point they are either both positive or both negative. It 
may be shown that if all the windings of a, about A are positive or all of them 
are negative and the total number of them is the positive number m then 
a, takes n + | steps, and no more, toward spiralling down on A. Let 8 
denote a finite or infinite simple sequence such that (1) each term of 8 is a 
collection such that either every element of it is a positive winding of a 
about A or every clement of it is a negative winding of a, about A; (2) each 
winding of a, about A is an element of one and only one term of 8; (3) 
if x and y are consecutive terms of 8 and each element of x is positive 
then each element of y is negative; and (4) if one collection follows another 
one in the sequence # then every element of it follows every element of the 
other one in the order from O to A on the are ay. 

Suppose no collection of the sequence @ has infinitely many elements. 
Let y; denote a sequence );,, ... whose mth term 4, is the total number of 
windings in the mth term of 8 or minus that number according as every such 
winding is positive or every such winding is negative. Let y.’ denote a 
sequence whose nth term is 0, — 1 or —(b;,/ — 1) according as ),, is posi- 
tive or negative. If every term of y.’ is 0 then a takes two steps, and no 
more, toward spiralling down on A. If there are infinitely many terms of 
v2’, all of the same sign, such that no one of them is followed by any term of 
y,’ with the opposite sign then a; spirals down on A. Suppose that there 
do not exist infinitely many such terms of y2’ and that some term of 2’ is 
different from 0. Then, and only then, there exists a subsequence 2” of 
v2’ such that (1) every two consecutive terms of y.” have different signs; 
(2) if visa term of y." lying, in y2’, between two consecutive terms x and z 
of y2” and having the same sign as x then there is no term of y»’ lying, in 
y,’, between x and y and having a sign opposite to that of x; and (3) every 
term of vy.’ different from 0 either is a term of y.” or lies, in y2’, between some 
two consecutive terms of y.”. 

Let ye denote a sequence such that (1) its mth term exists if and only if 
the nth term of y2” exists, and (2) if x is the mth term of y.” the nth term of 
y2 is x, plus the sum of all other terms y of y.’ with the same sign as x, if 
there are any, such that y is not separated from x in y2’ by any term of 
y,’ witha sign opposite to that of x. 

Let y;’ denote a sequence obtained from y: as y2’ was obtained from 
yi. If every term of y;’ is 0 then a; takes 3 steps, and no more, toward 
spiralling down on A. If there are infinitely many terms of ¥;’, all of the 
same sign, such that no one of them 1s followed by any one of the opposite 
sign then a, spirals down on A. If there are not infinitely many such terms 
of ys’ and some term of ys,’ is different from 0 then, and only then, there 

’ 


exists a subsequence 3" of y,;’ satisfying with reference to y;’ the conditions 


” 


described above as being satisfied by y.” with reference to y.’ and there 


exists a sequence 7; satisfying with reference to ys’ and y3” the conditions 


described above as being satisfied by y. with reference to y2’ and y»2”. 
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There exists a finite or infinite sequence 1, Y2', Y2", Y Y3's 3") Ya - + - 
such that if y,’ exists then (1) if every one of its terms is 0, a; takes m steps, 
and no more toward spiralling down on A; (2) if there is an infinite subse- 
quence of y,’, with terms all of the same sign, such that no one of them is 


/ 


followed by any term of y,’ of the opposite sign then a spirals down on 
A; and (3) if no such infinite subsequence of y,’ exists and some term of y,’ 
is not 0 then y,,”, y, and y/,; exist and relations described above as hold- 
ing between y:’, ¥:”, y: and ys’ continue to hold if they are replaced by 
Yn’) Yn» Yn and ¥;41, respectively. 

The following theorems hold true. 

THEOREM 2. Jf n is an integer greater than 1 the arc cy, takes n, and no 
more, steps toward spiralling down on A if, and only tf, y," exists and each of 
its terms 1s 0. 

THEOREM 3. The arc cq spirals down on A if, and only tf, either (1) some 
collection of the sequence 8 has infinitely many elements or (2) for some n, 
there is an infinite subsequence 6 of vy," such that all the terms of 6 have the same 
sign and no term of y,,’ of the opposite sign follows any term of 6, or (3) the se- 
quence 1, Y2, Ys, . - . 18 infinite. 

Definition: If the are OB is a proper subset of the are OC, the are OC is 
said to take m steps toward spiralling down on B if and only if OB does so 
and OC is said to spiral down on B if and only if OB does so. If the are YY 
does not have O as an end-point the statement that it spirals down on the 
point Z means that it contains Z and is a subset of some are which has O 
as an end-point and spirals down on Z. An are is said to be a spiral if it 
spirals down on some point and a pointset that contains no spiral is said to 
be spiral free. 

Definition: If the point C does not belong to the are OB the are OB 


is said to take » steps toward spiralling down on C if and only if every are 
from O to C that contains OB takes n steps toward spiralling down on C. 
The following theorem holds true. 
THEOREM 4. /f the point P is a limit point of the subset M of the are cy 
and the arc a, does not take n steps toward spiralling down on any point of M 


then it does not take n steps toward spiralling down on P. 

THEOREM 5. /f there are points on which the arc a, spirals down the set of 
all points on which tt spirals down is an inner limiting set and every interval 
of a, contains uncountably many points on which ca, does not spiral down. 

Proof: Let K denote the set of all points on which a, does not spiral down. 
There exists a number m such that there is some point on which a, does not 
take m steps toward spiralling down. For each positive integer m let A, 
denote the set of all points P of A such that a; does not take m + n steps 
towards spiralling down on P. The point set A is the sum of the point sets 
Ky, Ko, A3,... and, by Theorem 3, each point set of this sequence is closed. 
It follows that a, — A is aninner limiting set. 
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Suppose X VZ is an interval of a;. If there is a straight interval con- 


taining both O and X VZ then a does not spiral down on any point of 
XYZ. Suppose no straight interval contains both of them. Then there 
are two points / and F of X ¥Z such that O, # and F are the vertices of a 
triangle Ok F. For every point C on the side /F of this triangle let 7(C) 
denote the first point of Y YZ, in the order from O, on the straight ray OC. 
Unless 7(C) is X or Z, 7(C) is not a limit point of a, — X YZ and there- 
fore there is, on the straight interval from O to 7(C), a point F such that the 
straight interval from 7(C) to F contains no point of a, — X YZ and thus 
no point of a, except 7(C) and therefore a; does not spiral down on 7(C). 

Hence, in any case, there are uncountably many points of the interval 
X VZ on which a; does not spiral down. 

THreoreM 6. Jf Ml is a compact totally disconnected closed point set not 
containing O there exists an arc from O which spirals down on each point of 
M but on no point not belonging to M. 

Proof for the Case Where M is Perfect: There exists a sequence Gy, Go, 
G;,... such that (1) for each n, G, properly covers M and is a collection of 
2" simple domains whose closures are mutually exclusive; (2) each domain 
of G,, contains the closures of two domains of G,4;; and (8) AZ is the com- 
mon part of the point sets G,*, G.*, G;*,....? Let D,; and D, denote the 
domains of G; and let Dy and Dy» (4 = 1, 2) denote the domains of G» that 
lie in D,;. For each sequence j;, jo, . . . J, of numbers equal to | or 2, 
dD, - mi and Dj, ... jn2 denote the domains of G,4; that lie in the 
domain Dj... j, Of Gy. 


he oes jn2 

Let J, denote a triangle OB,B, having O as one of its vertices and neither 
containing nor enclosing any point of G,*. Let P:, P2, P3, ... denote a se- 
quence of points between B, and By, on the side B,B, of this triangle, such 
that every point of B,B, is a limit point of the set of all points of this se- 
quence. Let O, denote the point P;. Let 6; and 6, denote the straight 
intervals B,O, and B,O,, respectively. Let J; and J, denote two spiral 
free simple closed curves containing },; and dy, respectively, having only 
the point QO, in common, lying, except for 6; and 6, wholly in the exterior 
of Jo, containing no point of G)*, but containing two ares b,’ and b,’, respect- 
ively, such that (1) neither of them intersects }, or b,, and (2) if P is a point 
of Dy (¢ = 1, 2) and fis an are lying wholly in J, plus its interior except that 
its end-points belong to 6, and b,’, respectively, then ¢ takes one step 
toward spiralling down on P. There exist two spiral-free simple closed 
curves J,’ and J,’ containing 6,’ and »’, respectively, lying, except for these 
ares, wholly without /;, J, and each other and containing no point of G2* 
but such that J,’ (¢ = 1, 2) contains an are By, By lying wholly in D; such 
that if B,, Bu, By and O, lie in that order on the boundary of the comple- 
mentary domain of J, + J,’ that contains O, and /,’ denotes the interior of 


J, then [,/-D, and D, — D,-I;/ are both connected. Let Q, denote the 
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collection of all straight intervals from O to points of the interval B, Bo. 
Let Q, (¢ = 1, 2) denote a collection of mutually exclusive spiral free ares, 
filling up /,; plus /,’ plus their interiors /; and /,’, such that if g is an are of 
this collection its end-points are g-b; and qg:(B, By). Let O, denote the 
point of B, By. which is an end-point of the are of the collection Q; whose 
other end-point is the first point of the sequence P;, P2, . . . which belongs 
to b,, let 6, (@ = 1, 2) denote the interval B,,O; of B,, By» and let b,. denote 
the interval B,.O; of B, By. There exist four spiral-free simple closed 
curves Ji, Ji2, J» and Js» such that (1) no one of them intersects G.* or 
contains a point on or within any other one of them or of Jo, J:, Je, Ji’ or 
J,’ except that /,; contains 6,,, (2) J;; (4,7 = 1, 2) lies wholly in D, and con- 
tains an arc b,,’, not intersecting b,,, such that if P is a point of D,, and ¢ is 
an are lying wholly in /;, plus its interior except that its end-points belong 
to b;, and b,;’, respectively, then ¢ takes 2 steps toward spiralling down on 
P? There exist four spiral-free simple closed curves Ji’, Jin’, Ja’ and 
Jw’ containing by’, bi’, by’ and bes’, respectively, lying except for these 
ares wholly without J), /i2, /2:, /2, and each other and containing no point 
of G* but such that J/,,’ lies in D, and contains an are B,, Bj), lying wholly 
in D,,, such that B;,, By, By: and O; lie in that order on the boundary of 
the complementary domain of /;; + J;; that contains O and if J,,;’ denotes 
the interior of J,’ then /;,/-D,, and D,, — D,,-I,,! are both connected. 
Let Qi: (4, 7 = 1, 2) denote a collection of mutually exclusive spiral-free 
ares, filling up Ji; + Ji, + Ji’ + 1)’, such that if g is an are of this collec- 
tion its end-points are g:b,, and q:-(B;, By»). 

For each point X of B,)B,» let 7X) denote the point of B,B, which 
is an end-point of the are of the collection Q; whose other end-point is an 
end-point of an are of the collection Q,, whose other end-point is X. Let 
O,; denote the point of B,;,B;j. which is an end-point of the are of the collec- 
tion Q;; whose other end-point is an end-point of an are of the collection 
Q; which has as ifs other end-point the point of lowest subscript in the 
sequence Pj, P2, ..., which lies on b; between 7(B,;,) and 7( Bi»). Con- 
tinue this process indefinitely. Suppose kj, ke, . . . Rn, Rn4i iS a Sequence of 


numbers each equal to lor 2. The are ),,,.. . ¢, is the common part of the 


simple closed curves J;,,,... ¢, and + CaP eee | Teky + + + kn AN | piace 
denote the interiors of J;,,. . . x, and J;n, . « - in» Tespectively, the points 
Baka ~~~ ny Brie + knits Bayes» + + en? ANd Opgye, - . - en, lie in that order on the 
boundary of Jin, .- mn + fe . = te Ona, s+ + ter Oates + > by 198 COllec- 
tion of mutually exclusive spiral free ares filling up Jyy, . ©, + Les - kn 
+ Jinm ty te, en ... 4, Such that if g is an are of this collection its 
end-points are q: Oy... em ANd G? (Buy, . ent Bayes. ene). For each point 
X of the are Byy, 2. RyiBrs «~~ penx, P(X) denotes a point of b,, for which 
there exists a sequence of arcs f, fe, ... , such that for each 7 (1 2 1 = n) t; 
is an are of the collection Q;,...,, and every two consecutive ares of this 
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sequence have a common end-point and 7(X) is an end-point of ¢; and X is 


anend-point of f,. The point O,,, .. . ,, 18a point of Bug, .. pnt Bises © end 
such that 7(O;,,4, . . . ¢,) is the point of lowest subscript in the sequence P,, 
P,, ... which lies on b,, between 7(B,,, . ~~ ni) and T( Bye... - eng). ~The 
intervals By... kmtOkne,- ++ kn ANd By, ~~~ en2Oeiee ++ kn are denoted by 
Dicky «+ + enr AN Dy py... ez FESpectively. The simple closed curves J;,x,.. « ¢n1 
and Jy x, . . « ¢_2 have only O,,, . .. ,, in common and they intersect J;,4.. . - en 


In Dy, es + kyr ANA Byy, . . . gna, TeSpectively. The simple closed curve 


—— wholly in the domain D4... ,,and so does Jy, .. . 
and if P is a point of Dyy, . . 


knknsw 


- knkn., every are of the collection Qy,4, ... 


inkn,, takes n steps toward spiralling down on P. 

Let Z denote a collection of simple disks such that z belongs to Z if, and 
only if, either zis the triangle OB, B, plus its interior or, for some finite se- 
quence k,,... k, each term of which is | or 2, Z is Jk, .. - kn Ht Ley ee + ken 
or J"y, 2. ee, + Le, 2. The sum of all the disks of the collection Z is’a 
disk whose boundary / is a simple closed curve containing J. The arc 
OB,B,0n J spirals down on every point of J7 and on no point that does not 
belong to AM. 

THEOREM 7. If OB,By ts a triangle there exists a collection G of arcs such 
that (1) each of them has O as one of its end-points and no two of them have 
any point in common except O, (2) every straight interval with one end-point 
at O and the other one on the side B,By of this triangle is a subset of some arc 
of the collection G and each are of the collection G contains one such interval, 
(3) each arc of the collection G spirals down on some point, and (4) the set of 
all points P such that some arc of G spirals down on P 1s a perfect point set. 

Proof: Using the notation of the above proof of a special case of Theorem 
5, let Q denote a collection such that g is an element of it if and only if there 
exists a finite sequence k,, ..., k,, of which each element is | or 2, such that 
q is an are of the collection Q,,,...,, Suppose X is a point of the straight 
interval B,B, not belonging to the sequence P;, P2, .... Then there is only 
one subcollection Q(X) of Q such that X plus the sum of the ares of Q(X) 
plus some point of A is an are from X to that point of A. Let 7(X) de- 
note that point of A. If X is a point of the sequence P,, P2, ... there are 
only two such collections, Q; (XY) and Q(X). In this case, for each number 
i which is equal either to | or to 2, let 7,(XY) denote a point of A such 
that Y + 7,)(X) + Q,*(X) is an are with XY and 7)(X) as its end-points. 

There exists a sequence of mutually exclusive spiral-free arcs ay, ay, .. . 
such that, for each n, a, has 7\(P,,) and 7(P,,) as its end-points and lies, 
except for those points, wholly in the exterior of J. Let G’ denote a col 
lection such that g belongs to it if, and only if, either (1) gis ¥ + Q*(X) + 
7(X) for some point X of B,B, not belonging to P;, Ps, ..., or (2) for some 
n,gisP, + Q\*(P,) + a, Let G denote a collection of arcs such that the 
are g belongs to it if, and only if, it is an arc of G’ plus some straight interval 
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with one end-point at O. The collection G fulfills all the requirements of 
the conclusion of Theorem 6. 

' Professor Eilenberg has indicated to me that Waraszkiewicz has considered certain 
“spirals” on a cone which bear to one another a relationship similar to the relationship 
that a, bears to @ according to this definition. Cf. Waraszkiewicz, S., Fundamenta 
Mathematicae, 22, 180-205 (1934) and /bid., 23, 172-189 (1934). 

? The notation G* is used to denote the sum of all the point sets of the collection G 


HOMOLOG ¥ GROUPS OF SYMMETRIC GROUPS AND REDUCED 
POWER OPERATIONS 


By N. E. STEENROD 
DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY 


Communicated by S. Lefschetz, January 13, 1953 


1. Introduction. We shall give a generalization of the reduced power 


operations! which connects them with the homology groups //,(S,) of 
the symmetric group S, of degree nm. Briefly if u is a g-dimensional coho- 
mology class of a complex Y, and ¢ ¢ //,(S,), then we define a cohomology 
class u" ¢ ¢ H™ ~ '(X) called the nth power reduced by c. These opera 
tions include those defined previously. The broader viewpoint gives 
natural explanations of relations among cyclic reduced powers found by 
Adem? and Thom.* Their relations are homology relations in S,. The 
new definition was inspired by the work of Adem. 

2. Definition of Reduced Powers. Let X" denote the product complex 
of n copies of the complex XY. An element u of the group C’(X; B), of 
g-cochains of X with coefficient group B, has an nth power defined by 

u"e(a; XK... KM aon) = (Ue 03) @ © (u-a,,) (2.1) 
where o; is a cell of XY and u-o; € B is the value of u on o,. Thus u” ¢€ 
C™(X"; B") where B" is the tensor product of n copies of B. 

Let wr be a permutation group of the factors of X". Each a@ € m gives 
an automorphism of the integral chain groups C,(X"). For example, if a 
interchanges the first two factors, then 


alo, KX a2 XX... KX ay) = (—1)"o2 K ao, KX o3 KR... & On (2.2) 


where r, s are the dimensions of 0), 02. We require u" to be an equivariant 
cochain, i.e., 

u"-alo,X...XKoa,) = al(u"-a,X...XKa,). (2.3) 
This and 2.1, 2.2 determine the operation of a in B", namely, if q is even, 
a permutes the factors of B” in the same manner as the factors of X"; and, 
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if g is odd, it effects the same permutation but multiplied by the sign of the 
permutation, The symbol B” ‘ denotes the r-group B’ with the operators 
chosen as above depending on the parity of g. The equivariant cochain 
groups are denoted by ‘C’(.X"). Thus u" « ‘C™(X"; B™ %), 

Let W be an acyclic complex on which 7 operates freely, i.e., for each cell 
eof W the cells ae, as a ranges over 7, are pairwise distinct. The construc- 
tion of such a IW for any group 7 is a basic step‘ in defining the homology 
groups of wr. Let A be a coefficient group with m as left operator group. 
Let a € © operate in A ® W by ala @ e) = (aa) @ (ae). A chain of 
A @® W which is a sum of chains of the form ac — ¢ is called residual. 
These chains form a subecomplex; the corresponding factor complex is de- 
noted by A®,W. Its homology groups are independent of the choice of 
IW and are written //,(a4; A). 

In HW’ & X let a € wr operate by 

ale X a) = (ae) XK a. (2.4) 

Define the diagonal carrier @: WK X — X" by o(e K ao) = o”. Then @ 
is equivariant (Pa = a@) and acyclic. Since W is r-free, so also is HW" KX. 
Therefore it is possible to choose an equivariant chain mapping 

o,: WK X > X", o,a = ag, (2.5) 
carried by ¢. This is accomplished b, the usual construction by induction 
on the dimension with the modification that, once we have defined @, 
(e X o) for all o’s and one e of an equivalence class |ae{, we then set 
o,(ae X a) = ag,(e X a). Since a ¥ Pimplies ae # Be, the procedure is 
valid, 

Since @, is equivariant, its induced cochain mapping ¢” preserves equi- 
variance, Thus ¢’u" is an equivariant cochain of W' X_Y. 

We define now a reduction process passing from cochains of I” & Y to 
cochains of X. This is done without restriction on HW’, VY. Let v « C’ 
(W & X; G) and let ¢ = Saye, be an i-chain of W’ with coefficients in A. 
If o is an (ry — i)-cell of Y, then ¢ X o = SYoaj(e; X a) is an r-chain of 
WX NX. Define v-(¢ KX ¢) € A ® Gby 

v-(c X a) = Ya, ® (vee; KX a). (2.6) 
This is a mild extension of the Kronecker index, and continues to satisfy 
év-(C KX o) = v-O(C XK a). (250) 


Now define the (r -- 7)-cochain vc of X by 


(v/c)*o = vr(c XK a). (2.8) 


The symbol is read ‘‘v slant c’’ and is called the reduction of v by c. It has 
coeflicients in A @®@ G. Using the standard formula for 0(¢ XK @) and 2.7, 


we obtain 
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= v/0c + (—1)'6(v/c). (2.9) 


We are thus led to a bilinear operation « ¢ defined for a cohomology class 
v and a homology class ¢. It is the reduction process associated with the 
«-product of homology classes.° 

With the earlier hypotheses on Il’, suppose v is an equivariant r-cochain 
of WX X with coefficients in the m-group G. For any @ ¢ m, and chain 
c of W, we have 


[v/(ac — c)]*-o = v-[(ac — c) K o| = (a — I)(vee X @). 


Thus v (ac — c) has residual values in A @ G. Factoring by residual ele- 


ments gives A @,G, and let 7 be the cochain map induced by the natural 
map A @G—>A _®,G. Then 


n(v/(ac — c)) = 0. (2.10) 


Extend the definition of vc to the case of an equivariant v and ac e C, 
(A ®, W) by choosing a representative c’ of cin A @ I and setting 


vic = nlvic). (2.11) 


Then v/ce CX; A @,G). The formula 2.9 continues to hold for the 


extended slant operation. 
Now setv = ¢'u"sothatG = B"*. Then 


o'u"/c e C™- (X; A @, B®) (2.12) 


is called the reduction by ¢ of the nth power of u (abbreviated: a reduced 
nth power of u). Let u be a cocycle, then so also are u"“ and @’u". Taking 
c to be a cycle, it follows from 2.9 that ¢’u"¢ is a cocycle. If the cycle ¢ 
is varied by a boundary then 2.9 shows that o’u",/c¢ varies by a coboundary. 
If wis varied by a coboundary, then wu" also varies by a coboundary. How- 
ever the variation is not generally the coboundary of an equivariant co- 
chain. Because of this a more complicated argument is required to show 
that @°u"/c varies by a coboundary. This argument is a moderate general- 
ization of the one already given for the earlier definition.' Thus 2.12 de- 
fines an operation for a cohomology class u ¢ //*(X; B), and a homology 
class ¢ € //,(4; A), and the value is denoted by 
u"/ce H* -—(X; A @, B®). (2.133) 

We drop the ¢ since it is easily seen that any two choices of @, are equivari 
antly homotopic. 

Whenever 1 > nq — q and ois an (ng — 1)-cell, then the chain @, (¢ X o) 
has the dimension ng which exceeds the dimension of its carrier 0".  There- 


fore @, (c X o) = 0, and we have 


i> ng — q. 
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If a cocycle u of X is zero on a subcompiex X;, it is easily seen that 9° 
u" cis also zeroon Xy. It follows that u"/c is defined for elements u in the 
relative cohomology groups of (X,, Xy), and u"/c is likewise relative. Every- 
thing below extends in a natural way to the relative case. 

The connection between the present and former definitions of reduced 
powers is the following. Let a, (2 = 1, 2, ...) be a O-sequence! in the 
group ring Z(m). Let c bea vertex of W. Then /n(aycy) = O since a; has 
0 as its coefficient sum. As Wis acyclic, it contains a 1-chain ¢, with Oc; = 


acy. Then 
o 
Ol avC)) = ar0C; = Maly = 0, Suances: aa, = 0. 
As WW’ is acyclic, it contains a ¢c, with Oc, = ax; Continue inductively 
and construct a sequence c, such that 0c; = a,c,;— ,. If W is reduced by 


residual chains, c; becomes a cycle modulo the coefficient sum of @;. It is 
easy now to identify ¢°u"/c, with the D,u" in the earlier definition. 

3. Invariance Properties. If f is a map X — JY, and /* is the induced 
homomorphism of cohomology groups of }¥ into those of Y, and wu e //@ 
(VY; B), then 

f*(u"/c) = (f*u)*/c. (3.1) 


This embodies topological invariance: take f to be a homeomorphism. 
Suppose m ¢ 7’ are two subgroups of the symmetric group S,. Then 
the inclusion map A: 7 — w’ induces two maps 


hei U1j(9; A) > I(r’; A), ': A @, BY (+A @,, BY, 


where A is a r’-module. Clearly \’ induces homomorphisms \‘ of the co- 
homology groups of XY with coefficients in A @, B"". Then we have, for 


ue T*(X; B) and c ¢€11,(x; A), 


u"/Xec = X'(u"/c). (3.2) 
In those cases where )’ is the identity, this becomes 
u"/c = Uu"/XxC. (3.3) 


This is true in the simplest cases. For example, take A = B to be a cyclic 
group of finite or infinite order. Then B" = B._ If qis even, then S, oper- 
ates as the identity in A; and if g is odd, it operates by multiplying by the 
sign of the permutation. It follows that A @, B"* = A. Thus the same 
cyclic coefficient group occurs throughout. In these cases we have the 
following principle: For ease of calculation, choose m to be the smallest sub- 
group of S, ‘containing’ the cycle c; and to obtain relations on u"/c, choose 
w= Sy, 
Let Z, Z,, denote the integers and integers mod m. Let 


Oe: Hix; Zm) > H, ~1(; Z); 8%: H'(X; Z,) > H’*"(X; Z) 
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be the boundary, coboundary operators associated with the exact coef- 
ficient sequence 


i g ” 
0O-Z~>~>Z—>Z,,—-0 
where &(k) = mk and 7 is the natural factorization Z/§Z. Using 2.9, we 


obtain immediately 
u"/Onc = (—1)* + 15*(u*/c), cette: Z.), ue HX; Z). (3.4) 


There are two additional invariance properties corresponding to homo- 
morphisms of the coefficients A or B. Their statements are obvious. 

P Ife = 1, then //,(r; Z) = Ofori > 0, and //,\(9; Z) ~ Z has a generator 
represented by a vertex ¢ of W. Clearly uw" co ¢ HI*"(X; B"). Now 
o, ¢ X X defines a chain map approximating the diagonal map XY —~ X". 
Therefore 

u"/c is the mth power of u in the cup-product sense. (3.5) 
' Steenrod, N. E., Ann. Math., 56, 47-67 (1952). 
* Adem, J., these PROCEEDINGS, 38, 720-726 (1952). 
* Thom, R., Strasbourg Colloq., 1951 (mimeographed ) 
‘ Kilenberg, S., and MacLane, S., Ann. Math., 48, 51-78 (1947). 


| 5 There is another reduction which corresponds to the cohomology cross-procuct 
It yields the cap-product under a diagonal approximation 


CYCLIC REDUCED POWERS OF COHOMOLOGY CLASSES 
By N. E. STEENROD 
DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY 
Communicated by S. Lefschetz, January 13, 1953 


In a previous paper! we have shown that each homology class ¢ of the 
symmetric group S, provides a topologically invariant operation defined 
for each cohomology class u of a complex, and it gives a cohomology class 
u" c called the nth power reduced by ¢. In this paper we state properties 
of the simplest of these, namely, those provided by cycles ¢ lying on the 
cyclic subgroup of S, of order n. We shall continue with the notation and 
numbering of the previous paper. 

4. Ilomology Groups of the Cyclic Group. Let m be the cyclic group of 
permutations of the factors of X”", and 7 its generator which increases the 
index of the factor by | mod». In the group ring Z(7), set 


A 
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Construct a m-complex W having one cell e, and its transforms 7“e; in each 
£ 


dimension 1 2 0. Define 0 by 


062,41 = Aes, Oly 42 = Lex41, 1 2 0. (4.2) 


Clearly W is m-free. Also Wis acyclic; for each.of 4, © generates the ideal 


of annihilators of the other. 

We shall use for coefficients the integers Z and the integers mod n, Z,,; 
and we suppose m operates trivially. Now Z @,W = W mis W factored 
by residual chains. Hence C,(I mr) is an infinite cyclic group generated 
by e,; and the boundary relations obtained from 4.2 are 


O@:41 = 0, Oey +2 = mei; +1, 1= 0. (4.3) 

Therefore 
Hop 4 (9; Z) * Zys Hei 4 o(e; Z) = 0, te (4.4) 
Ler Ze) La; 72 0. (4.5) 


In each case that //; # 0, it is a cyclic group generated by the cycle e,. 
We let e, represent also its homology class. 

If O, is defined as in §3 with m = n, and e:; generates //;,(7; Z,,), then 
1.3 shows that O,@, = é@, 1; in I; \(w; Z), and O,e2; mod n is e; —, in 
I1,, (4; Z,). In view of 3.4, it follows that the reduced powers u"/e., 
determine u" c for cin //s; — \(a) with coefficients Z or Z,.. We may there- 
fore restrict future considerations to e,; € J/s;(r; Z,,). 

Thom® has proved the following result: 

1.6. THreorem. Z/f nis an odd prime, and q = dim u, then u"/e.; = O 
whenever the change in dimension, namely (nq — 21) — q, ts not an even mulltt- 


ple of n f. 
A new proof of this is obtained by considering the homomorphisins 


hay: La; Zn) > La (Sa; Zn) (4.7) 


induced by the inclusion map of 7 in the symmetric group S,. We must 
distinguish two cases of 4.7: 

(1°) each a ¢ S, operates as the identity in Z,, 

(2°) each a eS, operates in Z, by the sign of a. 
Since n is odd, m contains only even permutations; hence, in both cases + 
operates trivially in Z,. The results to be proved are: 

1.8. Tueorem. In case 1°, ho, = 0, if 21 ts not an even multiple of n — 

In case 2°, hy, = Otf 211s not an old multiple of n — 1. 

We obtain Thom’'s result by combining 4.8 with 3.3 using case 1° or 2° 
according as q is even or odd. 

To prove 4.8, let k be prime to n. Define y € S, by y(s) = ks mod n 
(s 0; I, .,n— 1). Let p be the inner automorphism of S, provided 
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by y. It is readily verified that y7’ = 7%; hence X = y 7 is an auto- 
morphism of m. Now X, ¥ induce automorphisms A,, ¥, of //(mw) and 
H(S,). Clearly ind, = ¥ he. Since y is an inner automorphism, y, is 
the identity. Therefore \,e.; — e9; lies in the kernel of /»,. 

To compute A,, we define a chain map A,: IV’ — HW’ such that A,(ac) = 
(Aa) (Aye) by 


oo 
d C21 = k'e2;, X02; 3; = k! + Te; + Ie (4.9) 
m= 0 
One verifies readily that OA, = A,O. Therefore \, induces the required 
d,. Now let & be a primitive root of the prime nm. Then y is an odd per- 
mutation; and so, in case 2°, y and X reverse signs in Z,. Therefore 


f (k' — 1)ex, case 1°, 


: ie 4.10) 
(—(k' + 1)es;, case 2”. ( 


Aylei — C2 = 
Since ne; = 0, we seek the G. C. D. of nm and k' — 1 in case 1°, and of n 
and k' + | incase 2°. Ask isa primitive root, n divides k' — | only when 
tis a multiple of m — 1; and n divides k‘ + | only when 7 is an odd multiple 
of (n — 1) 2. In all other cases the G. C. D. is | so that e:; belongs to the 
kernel of /»,. 
3. Product Formulas for Cyclic Reduced Powers. Cartan* has proved a 
formula for reduced squares which may be written in the notation of §4 as 


(u X v)*/e; = > (u?/e;) X (v?/e, — ,) mod 2 (5.1) 


, 0 
where 
ue H(X), veH(Y), andu XveH*t(X X Y). 

Taking Y = J} and using the diagonal map Y — Y X_Y, one obtains the 
same formula with cup-products in place of cross-products. We shall give 
a generalization of this formula to cyclic reduced nth powers. 

Let m be the cyclic group of order n, and let d: »— m X m be the diagonal 
map. Using the complex W’ for m given in $4, we define a chain map d,: 


W—> W X Wby 


241 + Cay41 X Tes, 


Here 2 =: 3>7* & 7" summed over the range 0 Sk </] Sn — 1. Asusual 
we set 


d,7%e, = (dT™)d,e; «= T™ X Td wy. 
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It can be Verified that 0d, = d,0 and d,(Tc) = (dT jd,c. Therefore the 
homomorphism //,(4) — J1;(4 X m) induced by d, is the dy induced by d. 
Reducing modulo residual chains, the map d, of W/m into (W/m) K (Wm) 
becomes 

| iad 
+ 5n(n — 1) DO ey 41 XK Cr —y -1 

- j=0 

(5.3) 
d 2; i= -. }€2, XK Cai — 2 +1 + Coy 41 xX 2; aj}. 
} 0 
From these equations, dx may be determined in the various cases. For 
example, if m = 2 with coefficients Z, we have 
i 


dee, = > 0,XQ->. (5.4) 
) 


— 
) ( 


Again, if » is odd with coefficients Z,, we have 


des, = 2 es, x C9; 279 mod n, 
} 0 


(5.5) 


2: + 1 
de>, +1 = 2 C.K Cars $9 mod n. 
s 0 


To apply these formulas to reduced powers, we suppose that m operates 
as the cyclic permutation on the factors of both XY" and ¥". Then r X 
operates in X" &K Y". Let A, w be the natural chain maps 


Ai X"K VY" (XK Yu WKWKXKVYOMWKXXWXY. 
Let o,: WK X +X", and y,: WX > ¥" be equivariant maps belong- 
ing to the diagonal carrier (see $2}. Set 
6, = No, X vu: WK WKX XK VYO(X XY)". 
Suppose we C“Y), ve « CY), then a short calculation gives 
O(u Xv)"/e, Xe, = efp'u"/e.| XK tW'v"/e,| (5.6) 

where ¢ is —1 to the exponent f(ng — s) + grn(n — 1),2. Letd’: WX 
XX V>W XW & X &X FV be the cross-product map of d with the iden- 
tity of Y K VY. Then 

0,d',; WK XK Yo (X XK Y)" 
is equivariant and belongs to the diagonal carrier; hence it may be used to 
compute reduced nth powers. Obviously | 

d"O"(u K v)"/e = O(u XK v)"/dye. (5.7) 


Substitute here the formula 5.3 for d,e, use the linearity of the slant epera- 
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tion, and then expand each term according to 5.6. The result is a formula 
expressing a reduced power of u X v as a sum of products of reduced powers 
of u and v. Passing to cohomology classes, we obtain 5.1 when n = 2. 


If n 1s odd with coefficients Z,,, we obtain as in 5.5 


(u X v)"/ex, = € > (u"/@2;) K (v"/e2, — 2; (9.8) 
} 0 
where ¢ is —1 to the exponent gr(m — 1)/2. If is prime, then 4.8 shows 
that we need consider only those indices 27, 2j in 5.8 which are even or odd 
multiples of nm — 1 depending on the dimensions of 4, v. 
6. Computations of Special Cases. We give first two formulas for 
cyclic reduced nth powers where m is odd. Setting m = (nm — 1)/2, these 


are 


Obs yy (1) - eee, 


(du)” ej +H 1 = (— ] "am! 5(u" @2;). 


Both relations hold mod n, and u is a g-cohomology class with coeflicients 
Zor Z,. In the second, u is a cohomology class of a subcomplex A of X, 
6 is the natural homomorphism //’(A ) — //’ * '(X, A), and 7 is unrestricted. 

In passing from a space Y to its suspension .’ there is a suspension iso- 
morphism s: //’(Y) ~ I/’ *'(X'). Now s is a composition of a single 6 
and several isomorphisms induced by maps.‘ Since induced homomor- 
phisms commute with reduced powers, it follows that 6.2 holds with s 
in place of 6. 

When q = 1, 6.1 becomes 


U"/€n —1 = miu. (6.3) 


First, we will show how 6.1, 2 are proved assuming that 6.3 holds in the 


special case that u is the generator of //'(/, S) where / = [0, 1] is a |-cell 


and S is its boundary consisting of the vertices 0 and 1. Now 
GSx,S=UxL,IxXS u SX I) 


is a 2-cell and its boundary and u X u generates its //*. Apply 5.8 with 
u=vandi = n — |; then the sum has one non-zero term which is evaluated 
by 6.3. Thus 6.1 holds for the 2-class uv X u. Continue inductively with 
U,8)¢= U,8)*~-'&* Ud, Sjandu” 3 u%~" & u. It follows that 6.1 holds 
for the generating class of a g-cell modulo its boundary. Shrinking the 
boundary to a point, we obtain the same for a g-sphere modulo a point. 
Now any q-class on a g-dimensional complex is representable as the image 
of the generating class of the q-sphere under a continuous map. By in- 
variance under maps, 6.1 follows for any g-class on a q-complex. For any 
complex X the inclusion map of the qg-skeleton XY“ ¢ X induces an isomor- 
phic imbedding //"(X) — [/"(X%). This gives the general case of 6.1. 
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To obtain 6.2 form the product (/, S) K A. Since S X A consists of 
two disjoint copies of A, identifying A with | X A maps H(A) isomor- 
phically into a direct summand of H"(.S XK A). Let uw’ ¢ HS X A) cor- 
respond to u. <A generator v of H/'(/, S) can be selected so that du’ = v XK 
uell**+ (1 KX A,S XA). Applying 5.8 and 6.3 we obtain 


(6u')"/@214 1-1 = (UK w)"/er 4 n—-1 = (—1)™(v"/e, 1) XK (u"/e2) 
(—-1)"™m! uv X& (u"/e,) = (—1)™m! 6(u’"/es;). 


Thus 6.2 holds for u’. Let X’ be the space obtained by pinching to a point 
the subset 0 X A of J X A. Clearly H/"(X’, 1 K A) > HU XK A, S XK A) 
has kernel zero for all r. Thus 6.1 holds for the 6 of (X’, 1 * A). Since 
X’ is contractible to a point, the map A —~ | X A extends to a map f: 
(X, A) > (X’, 1 & A). Since {* commutes with 6 and reduced powers, 
6.1 follows for the 6 of (X, A). 

The validity of 6.3 for the generator of //'(/, S) is established by a direct 
calculation of a chain map ¢,: WX /—~/". Letting LU’, V represent the 


vertices 0, 1, we set 


o,(eo X U) = U", oe, X U) = Oforj > 0, 
o,(e X V) = V", oe; X V) = O for; > 0, 
offer XD =i 4 UMIVTU*IV". ..LU%TV", (6.4) 


a,b 


(ere i XJ) =a! DS LUMTVIUTV".. LUV", 


a,b 
The exponents-a, b are 20, and the sum of the a’s and 6’s is n-2i-1 in the 
first case, and n-21-2 in the second. In both cases the sum is taken over all 
possible distinct choices of the a’s and b’s. The verification of 0¢, = $,0 
is a direct counting process. Then ¢,(e, 1 X /) = m! J" and 6.3 follows. 
In applying 6.1, 2, it is useful to keep in mind the following facts about 
m! from elementary number theory : 

if m is composite and n # 9, then m! = 0 mod n, (6.5) 

if m is prime and m is even, then (m!)? = —1 mod n, (6.6) 

if m is prime and m is odd, then m! == +1 mod n. (6.7) 


Thus when » is an odd prime, the coefficients in 6.1, 2 are non-zero mod n 
These awkward coeflicients can be eliminated in the following manner, sug- 
gested to me by Serre. When 1 is an odd prime, define 


O'y me (—])mrrele — 10/2(9 1) — Cg" @06 _ a5y¢n — 1 (6.8) 


where g = dim u and wis arbitrary. Then, for any complex, & is a homo- 


morphism 


O: HUX; Z,) — Ht + PO ~ OX; Z,) 





Voc. 39, 1953 MATHEMATICS: N. E. STEENROD 


satisfying the following conditions: 
v° = identity, 
when gq is even, ?"?u = u” (in cup-product sense), (6.10) 


when s > g/2, Pu = 0, 11) 


s 


Ou Xv) = YS Pu X # (6.12) 


t 0 
6.12 holds with cup-products in place of cross-products, (6.13) 
ef? = fre (6.14) 
P56 = 60" (6.15) 
6.15 holds with 6 replaced by a suspension isomorphism. (6.16) 


All relations hold modulo the prime n. 6.9 is a restatement of 6.1, 6.10 
of 3.5, 6.12 and 6.13 of 5.8, 6.14 of 3.1, and 6.15 and 6.16 of 6.2; and 6.11 
is a convention which is consistent with 6.8 if we agree that e, = 0 for 7 < 
0. . 

Notice that 6.9, 10, and 11 determine @*u for all 1 and 2-dimensional u. 
Combining with 6.13 we can determine @*u in the part of the cohomology 
ring of a complex generated by |- and 2-dimensional classes. For example, 
if uw is 2-dimensional and w* is its kth power in the sense of cup-products, 
then a simple induction based on 6.13 gives 


oS k en 
(uk) = ( 7 i i cil mod n, (6.17) 
s 


where ( ) denotes the binomial coefficient. This formula determines 
* completely in the complex projective space of arbitrary dimension since 
its cohomology ring is the polynomial ring in a single 2-dimensional class. 

' Steenrod, N. E., these PROCEEDINGS, 39, 213 217 (1953) 

? Thom, R., Strasbourg Colloqg., 1951 (mimeographed ). 

§ Cartan, H., C. R. Acad. Paris, 230, 425-427 (1950). 

‘Steenrod, N. E., Ann. Math., 48, 290-320 (1947), see $11 
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